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Academic Abstract

In this dissertation, we propose decentralized and scalable algorithms for Gaussian process

(GP) training and prediction in multi-agent systems. The first challenge is to compute a

spatial field that represents underwater acoustic communication performance from a set of

measurements. We compare kriging to cokriging with vehicle range as a secondary vari-

able using a simple approximate linear-log model of the communication performance. Next,

we propose a model-based learning methodology for the prediction of underwater acoustic

performance using a realistic propagation model. The methodology consists of two steps: i)

estimation of the covariance matrix by evaluating candidate functions with estimated param-

eters; and ii) prediction of communication performance. Covariance estimation is addressed

with a multi-stage iterative training method that produces unbiased and robust results with

nested models. The efficiency of the framework is validated with simulations and experi-

mental data from field trials. The second challenge is to perform predictions at unvisited

locations with a team of agents and limited inter-agent information exchange. To decen-

tralize the implementation of GP training, we employ the alternating direction method of

multipliers (ADMM). A closed-form solution of the decentralized proximal ADMM is pro-

vided for the case of GP hyper-parameter training with maximum likelihood estimation.

Multiple aggregation techniques for GP prediction are decentralized with the use of iterative

and consensus methods. In addition, we propose a covariance-based nearest neighbor selec-

tion strategy that enables a subset of agents to perform predictions. Empirical evaluations

illustrate the efficiency of the proposed methods.
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General Audience Abstract

In this dissertation, we propose decentralized and scalable algorithms for collaborative multi-

agent learning. Mobile robots, such as autonomous underwater vehicles (AUVs), can use pre-

dictions of communication performance to anticipate where they are likely to be connected

to the communication network. The first challenge is to predict the acoustic communica-

tion performance of AUVs from a set of measurements. We compare two methodologies

using a simple model of communication performance. Next, we propose a model-based

learning methodology for the prediction of underwater acoustic performance using a realistic

model. The methodology first estimates the covariance matrix and then predicts the com-

munication performance. The efficiency of the framework is validated with simulations and

experimental data from field trials. The second challenge regards the efficient execution of

Gaussian processes using multiple agents and communicating as little as possible. We pro-

pose decentralized algorithms that facilitate local computations at the expense of inter-agent

communications. Moreover, we propose a nearest neighbor selection strategy that enables a

subset of agents to participate in the prediction. Illustrative examples with real world data

are provided to validate the efficiency of the algorithms.
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Chapter 1

Introduction

1.1 Motivation

Learning of Underwater Communication Performance

Coordination of multiple autonomous underwater agents requires e�ective communication

for various cooperative missions [2]. For agents that operate underwater, inter-vehicle com-

munication is usually accomplished using wireless underwater acoustic (UWA) signals. In

the majority of the literature, wireless communication performance is treated as a deter-

ministic, range-dependent function [15, 35, 87, 91, 92, 118, 139, 140]. In the graph theory

literature this is also known asr -disk communication graph [14, 25, 60, 62, 63, 108, 133]. In-

deed, communication performance is a function of vehicle range, but it is also dependent on

many other environmental e�ects, including multi-path propagation and background noise

[116]. In addition to the exchange of data, acoustic communication can also provide vehicle

range information to improve navigation, as global positioning system (GPS) is unavailable

in subsea environments [121].

Our aim is to predict UWA communication performance at unvisited locations using a set

of communication performance measurements from nearby locations. We employ a two-step

learning methodology that comprises: i) the estimation of covariance parameters and the

statistical selection of a covariance function; and ii) the prediction of the communication

1



2 Chapter 1. Introduction

performance and its corresponding variance. Intuitively, the two-step process can be inter-

preted as �rst training from data, and then predicting the variable of interest at unvisited

locations. The estimation of the covariance function and of its parameters merits special con-

sideration, because it encodes the assumption on a stationary random �eld and generalizes

the properties of the underlying latent process. Accurate predictions of anticipated commu-

nication performance can be exploited to plan better utilization of communication resources.

Our general approach may be applicable to terrestrial networks, including aerial and ground

communication using radio waves. The main idea is to leverage recent advances in spatial

statistics and UWA communication modeling, to provide a realistic statistical prediction of

inter-vehicle communication performance for teams of marine robots.

Decentralized Gaussian Processes

Teams of agents have received considerable attention in recent years, as they can address

tasks that cannot be e�ciently accomplished by a single entity. Multi-agent systems are at-

tractive for their inherent property of collecting simultaneously data from multiple locations|

a group of agents can collect more data than a single agent during the same time period.

Central to machine learning (ML) methodologies is the collection of large datasets in or-

der to ensure reliable training. To this end, networks of agents favor learning techniques,

due to their data collection capabilities. However, they face major challenges including

limited computational resources and communication restrictions. A typical approach to ad-

dress these challenges relies on centralizing the collected data in a single node (e.g., cloud

or data center), which requires high computational and storage resources. Yet, gathering

data to a central server may lead to network tra�c congestion and security or privacy is-

sues. To ensure data privacy, a promising solution is federated learning (FL) [67]. FL

aims to implement ML techniques in centralized or decentralized networks, but with no
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communication of real data in order to comply to the EU/UK general data protection reg-

ulation (GDPR) [55]. For certain applications in GPS-denied environments, it is unfeasible

to implement ML algorithms in a centralized network, as distant nodes may not be able

to communicate directly with the central node due to communication range limitations or

bandwidth. Such cases include autonomous vehicles and multi-robot systems. Finally, even

if we manage to collect all the data in a central node, the time and space computational

complexity for rapid updates of the ML models require resources that are not available to

agents operating in the �eld. In this work, we propose methodologies for fully decentralizing

Gaussian processes (GPs) [27, 43, 104] from training to prediction, so that they can be im-

plemented e�ciently on teams of agents. GPs are used in various multi-agent applications

[3, 20, 23, 44, 52, 56, 61, 70, 71, 75, 97, 112, 119, 123, 137, 141, 143]. The major disadvan-

tage of GPs is the poor scalability with the number of observations. Moreover, GPs are not

easily decentralized for implementation across multiple agents due to high communication

requirements.

Our objective is to develop fully decentralized approximate methodologies that relax the

communication and computation requirements of GPs, exchanging as little information as

possible and by performing only local computations. We propose three distributed opti-

mization techniques to implement GP hyperparameter training with maximum likelihood

estimation (MLE), based on the alternating direction method of multipliers (ADMM) [12].

Next, we synthesize 13 decentralized approximate methods to perform GP prediction with

aggregation of GP experts [77], using iterative and consensus protocols [10, 93, 130].
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1.2 Contributions

Learning of Underwater Communication Performance

The contribution is fourfold.

1. We formulate an approximate communication performance model that takes into ac-

count the environmental conditions. We use this simple model to motivate our speci�c

approach to kriging, and to generate numerical simulations of communication perfor-

mance that were used to exercise our framework.

2. We propose a bivariate approach to estimate the communication performance between

two vehicles in a time-varying environment, by using cokriging.

3. After demonstrating that the communication performance is range dependent, we

employ a realistic acoustic propagation model to formulate the problem as a non-

stationary random �eld and propose model-based basis functions. Basis functions are

then used to detrend the measurements and allow the implementation of stationary

kriging.

4. We introduce an iterative technique to identify theoretical models that describe the

unknown underwater acoustic environments. Since the covariance of the UWA propa-

gation model is unknown, we compute the parameters of multiple theoretical covariance

functions, and based on the Bayesian information criterion we select a theoretical model

that �ts best to the data. To this end, the iterative technique selects the most suitable

theoretical covariance model for each environment.
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Decentralized Gaussian Processes

The contribution is �vefold.

1. We extend a centralized GP training methodology [135] by devising augmented local

datatsets to equip local entities, so that the hyper-parameter estimation accuracy of

large-scale multi-agent systems is improved.

2. We introduce three decentralized GP training methods for strongly connected graph

topologies and we derive a closed-form solution on the decentralized inexact ADMM

[19] that reduces the computational requirements of local agents.

3. We decentralize the implementation of multiple aggregation of GP experts methods

(PoE [51], gPoE [17], BCM [126], rBCM [30], and grBCM [76]) for strongly connected

graph topologies, by using the discrete-time average consensus (DAC) [93].

4. We decentralize the implementation of NPAE [107] for strongly complete graph topolo-

gies, by combining Jacobi over-relaxation (JOR) [10, Chapter 2.4] and DAC. Moreover,

we introduce a technique to recover the optimal relaxation factor of JOR [127] for

strongly complete graph topologies by using the power method (PM) [40, Chapter 8].

The later ensures faster convergence.

5. We introduce a covariance-based nearest neighbor (CBNN) technique that selects sta-

tistically correlated agents for GP prediction on locations of interest, and provide a

consistency proof. The CBNN is applicable to the decentralized versions of PoE, gPoE,

BCM, rBCM, and grBCM introduced in 3). In addition, CBNN allows the use of a dis-

tributed algorithm to solve systems of linear equations (DALE) [78, 130] which replaces

JOR in the decentralized NPAE of 4) and relaxes the graph topology from strongly

complete to strongly connected.
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1.4 Outline

The remainder of this dissertation is organized as follows. Chapter 2 discusses the related

work, Chapter 3 focuses on model-based prediction of the UWA communication performance,

Chapter 4 focuses on decentralized and scalable Gaussian processes for multi-agent systems,

while Chapter 5 concludes the dissertation and discusses future directions.



Chapter 2

Literature Review

In this chapter, we present previous works in kriging methods for prediction of communica-

tion performance and distributed Gaussian processes (GPs).

2.1 Kriging for Communication Performance

The importance of communication in multi-robot systems was discussed in [6]. The authors

investigated the importance of communication in three types of missions with simulations and

experiments. Indeed, in several cases inter-vehicle communication improved the performance

of the mission. Although communication is evidently of crucial importance for the success

of multi-robot missions, communication cannot be always guaranteed for multiple reasons.

A survey of prospects and problems in UWA communications is documented in [72]. Since

acoustic waves demonstrate relatively low absorption in subsea environments, they are the

major mode of wireless underwater communication. In underwater wireless sensor networks,

kriging (equivalent to Gaussian processes [43, 104]) has been used to model communica-

tion performance in several applications. Horneret al. [54], proposed a methodology based

partially on ordinary kriging for the generation of local and global acoustic communication

performance maps to facilitate collaborative navigation. A distributed kriging methodology

was used in [128] to estimate coverage holes in large-scale wireless sensor networks. The

authors in [134] developed a cooperative robust algorithm to compose a spatial map of un-

8
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derwater acoustic communication signals and channel parameters using an H1 �lter and

ordinary kriging. In [122], the acoustic communication performance of micro autonomous

underwater vehicles (AUVs) was assessed with �eld trials. The results of the latter reveal

that for non-stationary transmission, i.e. moving vehicle, several factors reduce communica-

tion performance, including multi-path e�ect of acoustic transmission and the Doppler e�ect.

In [117], a methodology that combines ordinary kriging and compressive sensing methods,

was utilized for prediction of acoustic intensity. Prediction of communication performance

has been addressed for radio applications. In [81], the authors employ maximum-likelihood

estimation for the parameters of the covariance matrix, logarithmic transformation for the

underlying mean towards a model-based approach, and compressive sensing for prediction

with sparse data. In addition, they show that the location of measurements may improve

the prediction quality. In [4], the authors proposed an ordinary kriging prediction framework

with detrended data to build radio environment maps and they also considered positional

error of the measurements. Gaussian processes have also been used to build communication

maps of known terrestrial environments with multiple agents [73]. Speci�cally the authors

used a Gaussian process with constant mean value [104, (2.38), p.27] (equivalent to ordinary

kriging) and squared exponential covariance function. Their methodology uses communica-

tion priors based on four communication path-loss models to reduce the uncertainty of the

communication maps. In the same spirit, in [64] a Gaussian process with �xed mean func-

tion and a squared exponential covariance function is proposed to predict the WiFi channel

quality and �nd the optimal relay position for mobile networks. Ordinary kriging assumes

that the underlying process is stationary. In addition, in all of these works it was assumed

that the covariance model follows a speci�c theoretical covariance function. In our work,

we formulate the problem as a non-stationary random �eld with universal kriging, which is

equivalent to GPs with model-based �xed basis functions [104, (2.41), p.28]. Moreover, we

investigate multiple theoretical models for the statistical selection of the covariance function.
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Communication performance estimation can be used to estimate the position of a vehicle.

In [46], the authors employed Gaussian processes to determine a likelihood model of the

received signal strength (RSS) for WiFi to estimate the location of robots. This approach

requires to compare a training set of RSS observations to a ground truth map, yet this is a

computationally demanding process for large maps. To alleviate the computational burden,

the authors in [34] used a Gaussian process latent variable model (GP-LVM) to: i) generate

the RSS map, ii) compute the position of the vehicle, and iii) build the sea
oor map. In

these works, only the RSS measurements were used for the construction of RSS maps. In

our work, we also use the distance between communicating vehicles to build basis functions

for detrending of non-stationary processes.

Adaptive sampling is another cooperative application of AUVs to monitor and model the

environment. Unambiguously, the prediction of underwater communication performance is

critical for the e�ciency of subsea adaptive sampling missions. In [42], the authors sur-

vey methodologies to connect hierarchical spatio-temporal techniques [7] with distributed

algorithms. A review of distributive adaptive sampling of mobile agents for spatio-temporal

processes is listed in [95]. A sub-sampling method was proposed in [41] to alleviate the com-

putational e�orts. Then, the authors use kriging to map a terrain at higher resolution. This

map is used to plan paths for unmanned and manned vehicles based on three cost functions.

Kriging has been used in adaptive sampling for the statistical modeling of the environment,

yet without a rigorous learning method for estimating the covariance that addresses proper

covariance model selection, robustness, and bias correction.
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2.2 Decentralized Gaussian Processes

Despite their e�ectiveness in function approximation and uncertainty quanti�cation, GPs

scale poorly with the number of observations. Particularly, providedN observations, the

training entails O(N 3) computations and the prediction requiresO(N 2) computations. An-

other limitation for the implementation of GPs in multi-agent systems is the communication.

For centralized GPs, every agent has to communicate all observations to a central node. How-

ever, excessive communication is challenging in decentralized networks. Moreover, agents in

networks can pass messages only within a communication range [14] which may vary in space

and time [68].

To overcome the computational burden of hyper-parameter GP training with maximum like-

lihood estimation (MLE), a factorized GP training method is discussed in [30, 90]. That is

a centralized method which is based on a server-client structure and distributes the compu-

tations to multiple entities. The main idea is to assume independence between sub-models,

which results in the approximation of the inverse covariance matrix by the inverse of a block

diagonal matrix. To this end, a signi�cant reduction in computation of the inverse of multi-

ple covariance matrices is achieved at the cost of excessive communication overhead. More

speci�cally, every local entity transmits multiple inverted blocks of the covariance matrix per

MLE iteration. Recently, Xu et al. [136] reformulated the factorized GP training method

using the exact consensus alternating direction method of multipliers (ADMM) [12], which

is appealing in centralized multi-agent settings [47]. Consensus ADMM reduces the com-

munication overhead of GP training, but requires high computational resources to solve a

nested optimization problem at every ADMM-iteration. Subsequently, the authors in [135]

employed the inexact proximal ADMM [53] to alleviate the computation demand. However,

both ADMM-based factorized GP training methods require a centralized network topology.
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Two major research directions for GP prediction are based on global and local approxima-

tions [77]. Global approximation methods promote sparsity by using either a subset ofNsub

observations or by introducing a set ofNsub pseudo-inputs, whereNsub � N [50, 101, 113].

Sparse GPs have been used in mobile sensor networks to model spatial �elds [44]. In [137], a

GP with truncated observations in a mobile sensor network is proposed, and in [20] a subset

of observations is used for tra�c modeling and prediction. These methods require global

knowledge of the observations, which increases inter-agent communications. Additionally,

the methods that utilize pseudo-inputs do not retain the interpolation property.

Alternatively, the second research direction uses local approximation methods to reduce the

computational burden of GP prediction. These are centralized algorithms with a server-client

structure. The main idea is to aggregate local sub-models produced by local subsets of the

observations [17, 30, 51, 126]. In other words, every sub-model makes a local prediction, and

then the central node aggregates to a single prediction. In comparison to global approxima-

tions, local methods do not require inducing inputs, they distribute the computational load

to multiple agents, and they work with all observations. However, it is proved in [5, Proposi-

tion 1] that the local methods [30, 51, 126] areinconsistent, i.e. as the observation size grows

to in�nity, the aggregated predictions do not converge to the true values. Subsequently, the

authors in [107] proposed the nested point-wise aggregation of experts (NPAE) that takes

into account the covariance between sub-models and produces consistent predictions. The

price to achieve consistency in NPAE comes with much higher computational complexity

in the central node. Liu et al. [76] introduced a computationally e�cient and consistent

methodology, termed as generalized robust Bayesian committee machine (grBCM). The lat-

ter entails additional communication between agents to enrich local datasets with a global

random dataset. In addition, both NPAE and grBCM are centralized techniques, that are

not well-suited for multi-agent systems [14].



2.3. Summary 13

A decentralized method for the computation of spatio-temporal GPs is proposed in [25]. In

[23], a decentralized technique for spatial GPs with localization uncertainty is presented.

Both [25] and [23] employ the Jacobi over-relaxation (JOR), which requires a strongly com-

plete graph topology, i.e. every node must communicate to every other node. That is a

conservative topology and is not common in mobile sensor networks [14]. Essentially, for not

strongly complete topologies, JOR entails 
ooding before every iteration. In 
ooding each

agent broadcasts all input packets to its neighbors [125]. Thus, the communication require-

ments of JOR are high. Yuan and Zhu [141, 142], proposed a methodology that combines

nearest neighbor GPs [29] and local approximation [17]. Although [17] is consistent in terms

of prediction mean, it produces overcon�dent prediction variances [76, Proposition 1]. In

addition, arbitrary selection of nearest neighbor sets may lead to poor approximations [29]

and su�ers from prediction discontinuities [107]. Pillonettoet al. [97] proposed sub-optimal

methods to distributively estimate a latent function with a GP by employing orthonormal

eigenfunctions, computed by the Karhunen-Lo�eve expansion of a kernel. An extension of

this work to multi-robot systems with online information gathering is discussed in [56]. This

is a promising line of research for GPs in decentralized networks, but our focus is on decen-

tralized and scalable GP training with MLE and GP prediction with aggregation methods.

Nevertheless, computing orthonormal eigenfunctions in closed-form is not feasible for all

kernels and may yield signi�cant storage requirements.

2.3 Summary

Many research groups proposed prediction methods of UWA communication performance.

However, they assumed that the random �eld is stationary and follows a speci�c covariance

function [4, 54, 73, 81, 117]. We are particularly interested in non-stationary random �elds
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with an unknown covariance function. The next topic of distributed GPs is of paramount

importance for multi-robot exploration and navigation. Multiple studies suggested central-

ized methodologies with local computations [17, 30, 51, 76, 107, 126]. A few body of research

works is focused on the decentralization of GPs using local observations [23, 25, 141]. Yet,

the latter methods require strongly complete network topologies and/or excessive commu-

nication. In this dissertation, we focus on decentralized GPs of realistic network topologies

and with as little communication as possible.



Chapter 3

Model-Based Kriging

In this chapter, we present a comparison of kriging and cokriging that explores the e�ect of

the vehicle range variable to the prediction of underwater acoustic communication perfor-

mance. After demonstrating that vehicle range is of paramount importance for the predic-

tion, we exploit a realistic underwater acoustic propagation model to compose a model-based

kriging technique with particular emphasis on the estimation of the covariance matrix.

3.1 Comparison Kriging and Cokriging

3.1.1 Problem Formulation

In this section we present the measurement model of the vehicles and we discuss the physical

process of the environment. We also assess the acoustic communication performance with a

signal-to-noise ratio (SNR) model of the sonar.

3.1.2 Communication Performance

The measurement model of all agents is identical and described by,

Yi (x; t) = Z (x; t) + �; (3.1)

15
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Figure 3.1: Communication scenarios of two autonomous underwater vehicles (AUVs) at
ranger . The transmitting vehicle is located at positionx t and the receiving vehicle at posi-
tion x r . (a) The communication success relies on a deterministic maximum communication
rangeQ. (b) The communication performance using signal-to-noise ratio (SNR) is predicted
for speci�c vehicle ranges.

whereYi (x; t) is the measurement of communication performance of agenti at spatial loca-

tions x = [ x y]| 2 R2, Z (x; t) represents the random �eld, and� � (0; � 2
Y ) is a zero-mean

Gaussian noise.

We seek a simple model of underwater acoustic communication performance. We employ the

passive sonar equation that models direct communication between the transmitter and the

receiver [33, 57]. Unlike an active sonar model, we do not consider interaction with a target

system e.g., reverberation noise. Since we are interested in applications with relatively slow-

moving AUVs, we ignore frequency shifting and spreading that are due to motion-induced

Doppler e�ect.

To approximate the communication performance between two agents we use the SNR. In

principle, the higher the SNR, the more likely is to detect the transmitted signal. The passive

sonar equation is expressed,

SNR = SL � TL � NL + DI ; (3.2)
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where SL is the source level, TL is the transmission loss, NL is the noise level, and DI is

the directivity index. In practice, the source level is provided by the manufacturer of the

transmitter and we assume that the e�ect of the directivity index is negligible, similarly to

[111]. The transmission loss can be computed as,

TL( r ) = TL sph(r ) � TL a(r ); (3.3)

where TLsph is the spherical spreading loss, TLa is the attenuation, and r = kx r � x t k2

is the range of two vehicles. In Fig. 3.1 we illustrate the case of acoustic communication

between two underwater vehicles at ranger , with x t the position of the transmitting vehicle

and x r the position of the receiving vehicle. Spherical spreading loss is proportional to the

log of range, TLsph(r ) = 20 log r . Attenuation depends on the signal frequency due to the

process of transferring the acoustic energy into heat. More speci�cally, for a signal frequency

of f = 25 kHz the absorption coe�cient is a = 5:56 dB/km [13]. Thus, (3.3) results in a

linear-log relationship,

TL( r ) = 20 log r � 0:00556r: (3.4)

Environmental Conditions

In our simpli�ed communication model, we capture various environmental e�ects, such as

multi-path, density gradients, etc, as simply noise that reduces the SNR. The noise comprises

of ambient noise, transient noise, and self-noise [33].

Sources of ambient noise include the shipping and sea state. Ambient noise is approximated

by the Wenz curves [132],

NLamb = NL ship � NLSS; (3.5)

where NLship is the shipping noise and NLSS is the sea state noise. The power summation
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operator for L k elements, with k = 1; : : : ; Nk , is given by � = 10 log
P N k

k=1 10L k =10. For a

signal frequency off = 25 kHz the shipping noise is almost zero, as NLSS � NLship. To this

end, (3.5) simpli�es to NLamb = NL SS.

Subsequently, if we neglect the transient noise (e.g, biological organisms) and self-noise the

communication performance yields,

SNR = SL � 20 logr + 0:00556r � NLSS: (3.6)

Remark 3.1. Since the communication signal transmits in high frequency (f = 25 kHz),

the transient noise can be neglected. Similarly, the cavitation noise of the propeller vanishes.

However, the 
ow noise|which is produced by the propeller|may a�ect the source level

of the transmitted signal and/or the received signal strength. In fact, this will lead to

anisotropic SNR, depending not only on the position but also on the orientation of the

vehicle. In this work, we do not consider anisotropic sensing.

3.1.3 Multivariate Spatial Estimation

In this section, we introduce kriging, a spatial estimation technique that estimates values

at locations of interest, based on measurements from other locations. First, we discuss

the ordinary kriging (OK) and then we present the multivariate kriging, namely cokriging

(COK).

Let us �rst introduce some basic notions of the random �elds. A comprehensive discussion

on the topic can be found in [27]. LetZ (x) be a random �eld with a positive-de�nite

covariance matrix Cov(Z (x1); Z (x2)) � 0 for all x 2 R2. The random �eld is intrinsically

stationary if Cov(Z (x1); Z (x2)) = C(x1 � x2) for all x 2 R2 and the function C(�) is called

covariogram. An intrinsically stationary random �eld with a constant mean is calledsecond-
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order stationary. The semivariogram of a second-order stationary process with constant

mean Ef Z (x)] = � is de�ned,


 (x1; x2) :=
1
2

Ef (Z (x1) � Z (x2))2g =
1
2

Var[Z (x1) � Z (x2)]: (3.7)

Moreover, if C(x1 � x2) is only a function of the Euclidean normkx1 � x2k2, then the

covariogram isisotropic. The correlogram is de�ned,

� (x) :=
C(x)
C(0)

; (3.8)

where C(0) = Var[ Z (x)] is the sill and the data is normalized so that it has zero mean

an unit variance (see (3.37)). For a second-order stationary random �eld with normalized

measurements andkx1 � x2k2= h, the semivariogram is the mirror image of the covariance,

resulting,


 (h) = 1 � C(h): (3.9)

Next, we present fundamental notions of the multivariate case [129]. In multivariate statistics

the covariance comprises of direct and cross-covariance functions. Thejoint second-order

hypothesis assumes a constant mean for every variable,

E[Z j (x)] = � j ; (3.10)

and a cross-covariance function in the form,

E[(Z j (x1) � � i )(Z l (x2) � � l )] = Cjl (h): (3.11)

The cross-covariance functionCjl captures the variation of variables over distance. Thejoint
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intrinsic model imposes the cross-variogram structure,


 jl (x1; x2) =
1
2

E[(Z j (x1) � Z j (x2))( Z l (x1) � Z j (x2))] : (3.12)

That is, the cross-variogram measures the di�erence of variances over distance. Furthermore,

the cross-correlogram, by assuming theintrinsic correlation model, is expressed,

� jl (h) =
Cjl (h)

Cj (0)Cl (0)
; (3.13)

where Cj (0) = Var[ Z j (x)], Cl (0) = Var[ Z l (x)] are the sills where for normalized measure-

ments Cj (0) = Cl (0) = 1.

Ordinary Kriging

Let us now describe the ordinary kriging technique. We consider multiple measurements at

locationsx j 2 R2, j = 1; : : : ; M with M 2 N. In ordinary kriging the Gaussian random �eld

is modeled as,

Z (x) = � + � (x); (3.14)

whereZ(x) 2 R is a second-order stationary random �eld,� 2 R is the unknown constant

mean that represents the large scale variation, and� (x) is the zero-mean Gaussian �eld that

captures the medium scale variability. We are interested in estimating the mean value of

the random �eld at an unmeasured locationx0, based on the measured dataZ(x). We use
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a linear unbiased estimator,

Ẑ (x0) =
N jX

j =1

� j Z(x j ) + (1 �
N jX

j =1

� j )�

= � | Z(x); (3.15)

where � = [ � 1 : : : � N j ]
| 2 RN j are the weights we seek to obtain. The unbiasedness of

the estimator
P N j

j =1 � j = 1 relaxes the assumption of a known global mean� . As a result,

we can perform kriging with the measurements and not its residuals,Z (x j ) � � . Next,

we formulate the unconstrained minimization problem with a Lagrange multiplier� OK to

include the unbiasedness constraint. The solution to the minimization problem results in,

� OK = � � 1
OK 
 OK ; (3.16)

where � OK = [ � | � OK ]| 2 RN j +1 is a vector that contains the weights� and the Lagrange

multiplier � OK . The non-singular matrix � OK 2 R(N j +1) � (N j +1) considers theredundancyof

measurements and is given by,

� OK =

2

6
6
6
6
6
6
4


 (x1; x1) : : : 
 (x1; xN ) 1
...

. . .
...

...


 (xN ; x1) : : : 
 (xN ; xN ) 1

1 : : : 1 0

3

7
7
7
7
7
7
5

:=

2

6
4

� 1

1| 0

3

7
5 ; (3.17)
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where1 2 RN j is a vector of ones. The vector
 OK 2 R(N j +1) takes into account thecloseness

of the measurements to the location of interestx0 and yields,


 OK =

2

6
6
6
6
6
6
6
4


 (x0; x1)
...


 (x0; xN )

1

3

7
7
7
7
7
7
7
5

:=

2

6
4


 0

1

3

7
5 : (3.18)

The unique solution of (3.16) yields the vector of unknown weights,

� = � � 1
�


 0 � 1� OK

�
; (3.19)

and the Lagrange multiplier,

� OK =
1| � � 1
 0 � 1

1| � � 11
; (3.20)

Sequentially, the weights� and the Lagrange multiplier� OK can be used for the computation

of the ordinary kriging variance as,

� 2
OK (Z (x0)) = Var OK [Z (x0)] = � | 
 0 + � OK : (3.21)

In terms of the covariance matrix for normalized measurements, we use (3.9) and the solution

follows accordingly.

Multicollocated Ordinary Cokriging

In this section we shall describe the multicollocated ordinary cokriging (MCOK). We observe

in (3.6) that our simpli�ed model of communication performance is a linear-log function of

the range of the vehicles. Moreover, the range measurements are acquired simultaneously
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with the SNR. Interestingly, there exists a spatial correlation of these two variables. For

instance, when we seek to estimate the communication performance at a speci�c location,

the range of the vehicles is critical. In case that the vehicles navigate in close proximity,

then the communication performance is expected be high. On the contrary, in case that the

vehicles have large range, then the communication signal will be degraded and corrupted by

noise. Therefore, we want to estimate the communication performance at a speci�c location

for a given range.

Cokriging is the multivariate kriging that augments the estimation process with the covari-

ances and cross-covariances of the variables involved in the process [129]. The key idea

underlying this work is to use the range of the vehicles as a secondary variable in cokrig-

ing in order to improve the SNR estimation. Thus, we incorporate two variables: i) the

communication performance as the primary variable and ii) the range of the vehicles as the

secondary variable. The ordinary cokriging estimator for two variables yields,

Ẑ (x0) =
N jX

j =1

� j; 1Z1(x j ) +
N lX

l=1

� l;2Z2(x l )

= � |
COK ;1Z1(x) + � |

COK ;2Z2(x); (3.22)

where � COK ;1 = [ � 1;1; : : : ; � N j ;1]| , � COK ;2 = [ � 1;2; : : : ; � N l ;2]| are the stacked vectors of the

unknown weights of two variables,Z1 2 RN j and Z2 2 RN l with N l > N j are the stacked

vectors of the measurements of the two variables at locationsXpr = f x j g
N j
j =1 and Xsec =

f x lg
N l
l=1 respectively. The unbiasedness of the estimator for the primary variable1| � COK ;1 = 1

and for the secondary variable1| � COK ;2 = 0, relaxes the assumption of known global means.

Therefore, we implement cokriging with the measurements and not its residuals. Then, we

formulate the unconstrained minimization problem with two Lagrange multipliers to account

for the unbiasedness constraints� COK,1 , � COK,2 . The solution to the minimization problem
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results in the system of linear equations,

� COK = � � 1
COK 
 COK ; (3.23)

where � COK = [ � |
COK ;1 � |

COK ;2 � COK ;1 � COK ;2]| 2 RN j + N l +2 is the unknown vector we seek

to obtain. The non-singular matrix � COK 2 R(N j + N l +2) � (N j + N l +2) captures the measurement

redundancy and has the form of,

� COK =

2

6
6
6
6
6
6
6
4

� 1 � 12 1 0

� 21 � 2 0 1

1| 0| 0 0

0| 1| 0 0

3

7
7
7
7
7
7
7
5

: (3.24)

The vector 
 COK 2 R(N j + N l +2) considers the closeness of the measurements to the location

of interest and leads to,


 COK =

2

6
6
6
6
6
6
6
4


 0;1


 0;12

1

0

3

7
7
7
7
7
7
7
5

: (3.25)

In general, the practical challenges with cokriging are: i) the modeling of all covariances and

cross-covariances, ii) all covariances and cross covariances jointly need to be positive de�nite,

and iii) the solution generates very large linear systems, i.e. (N j + N l + 2)-equations. For

these reasons, we employ the multicollocated cokriging which accounts for: i) all primary

variable measurements, ii) all secondary variable measurements at the locations of the pri-

mary variable measurements, and iii) the secondary variable measurement at the location of

interest, as shown in Fig. 3.2. The orphan secondary variable measurementsXorp = Xpr nXsec,
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Figure 3.2: The multicollocated setup. The primary variable measurementsZ1(x) are shown
in blue x-marks, the collocated secondary variable measurementsZ2(x) are depicted with red
solid circles, the secondary variable measurement at the location of interestZ2(x0) is shown
in red dash-dotted line, and the location of interestx0 is presented with a green rectangular.
The dashed red circle represent the orphan secondary variable measurementsXorp that are
not used in the multicollocated cokriging.

i.e. not collocated with primary variable measurements, are not used in this framework. The

multicollocated cokriging model (or Markov Model 2) has been proven to be necessary and

su�cient for cokriging in the stationary case [58, 106]. Next, we introduce the Markov

screening and the Bayesian updating assumptions.

Assumption 3.2 (Markov Screening). The primary variable Z1 at any location x1 depends

conditionally only on the secondary variableZ2 at location x1, screening out the in
uence of

the secondary variableZ2 at any other locationx2, which yields,

E[Z1(x1) j Z2(x1); Z2(x2)] = E[Z1(x1) j Z2(x1)]: (3.26)

Assumption 3.3 (Bayesian Updating). The primary and the secondary variables are lin-

early related through the correlation coe�cient � 12(0) at any location, which yields,

E[Z1(x) j Z2(x)] = � 12(0)Z2(x): (3.27)
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From Assumption 3.2 and Assumption 3.3 the cross-correlogram takes the form,

� 12(h) = � 12(0)� 2(h); (3.28)

which in terms of covariogram yields,


 12(h) = p
 2(h); (3.29)

wherep = � 12(0)� 1=� 2 is the slope of the linear regression with� 1, � 2 the standard deviations

of the primary and secondary variables respectively. Note that if the measurements are

normalized with respect to the variance, then� 1 = � 2 = 1 and subsequentlyp = � 12. Next,

we consider a regression model of the primary variable on the secondary variable in the form,

Z1(x) = pZ2(x) + R(x); (3.30)

whereR(x) is the orthogonal residual which can also be considered asR(x) = Z1(x)� pZ2(x).

Note that sinceZ1(x) and Z2(x) are Gaussian,R(x) is also Gaussian.

Assumption 3.4 (Residual Independence). The residual R(x) is an independent random

function of the secondary variable at any location, which yields,

Cov(R(x); Z2(x)) = 0 : (3.31)

Due to Proposition 3.4, the linear regression (3.30) maintains thehomoscedasticityproperties

of kriging, i.e. the variance of the primary variable can be computed at locations of interest,

without actual measurement of the primary variable at this location.

The orthogonal residual can be computed with the ordinary kriging as discussed in Subsec-
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tion 3.1.3 with a linear unbiased estimator in the form,

R̂(x0) = � |
RR(x); (3.32)

where � R are the residual corresponding weights of the ordinary kriging. Note that the

domain of measurements for the ordinary kriging of the orthogonal residual, does not include

the location of interestDx = Xpr [ X sec 63x0. Then, we use the residual variogram function


 R to construct the covariance of the primary variable as,


 1(h) = p2
 2(h) + 
 R(h): (3.33)

The rest elements of the non-singular matrix� MCOK result from (3.29) and the experimental

variogram of the secondary variable. The multicollocated ordinary cokriging estimator for

two variables yields,

Ẑ1(x0) = pZ2(x0) + R̂(x0)

=
N jX

j =1

� R;j Z1;j + p
�

Z2(x0) �
N l � 1X

l=1

� R;l Z2;l

�
: (3.34)

whereZ2(x0) is the measurement of the secondary variable measurement at the location of

interest and N j = jD x j. The corresponding variance yields,

� 2
MCOK (Z1(x0)) = Var MCOK [Z1(x0)] = E[ R̂(x0) � R(x0)]: (3.35)

Remark 3.5. The multicollocated cokriging estimation (3.34) does not require the cross-

covariance function and also results in a signi�cantly smaller system of equations. To this

end, we just need to compute the ordinary kriging of the residualR that comprises of
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(N j + 1)-equations and retain the same properties of solving the ordinary cokriging that

consists of (N j + N l + 2)-equations, with N l > N j . This constitutes a signi�cant reduction

in the computational e�ort of the proposed technique.

Remark 3.6. In Proposition 3.3 we considered a linear relation of the primary with the

secondary variable. However, according to (3.6) the communication performance is linear-

logarithmically related with the range of the vehicles. Therefore, we expect smoother esti-

mation results than the ground truth values.

3.1.4 Spatial Estimation Framework

In this section, we discuss the structure of the proposed communication performance estima-

tion with multicollocated cokriging and the computational complexity of both kriging and

cokriging.

Estimation Structure

The multicollocated ordinary cokriging is shown in Fig. 3.3. The structure consists of collect-

ing the measurements; normalizing the measurements; computing the correlation factor and

the orthogonal residual; kriging the residual; and estimating the communication performance

at the unknown location.

We start by collecting measurements of communication performance (SNR) and the range

of the vehicles. SNR is the primary variableZ1 and range the secondaryZ2. Then, we

normalize the measurements with respect to the variance,

~Z �;j =
Z �;j � � �p

Var[Z � ]
; (3.36)
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Figure 3.3: The structure of the communication performance estimator with multicollocated
ordinary cokriging. The sequence operates clockwise, starting from the measurements. The
structure incorporates six stages: 1) collection of measurements, 2) normalization of mea-
surements, 3) computation of the correlation coe�cient and the orthogonal residual, 4) ordi-
nary kriging of the residual, and 5) the unknown location to 6) estimate the communication
performance.

where we assume there arej = 1; : : : ; Nj measurements. Primary measurements correspond

to � = 1, secondary measurements correspond to� = 2, and � � = (1 =Nj )
P N j

j =1 Z �;j is the

mean of the corresponding� variable. This normalization results in a zero mean ~� � = 0

and a variance Var[~Z � ] = 1 for both primary and secondary variable measurements. Thus,

the slope of the linear regression in (3.29) matches the correlation coe�cient,p = � 12(0).

Next, we compute the correlation coe�cient � 12(0) and the residualR as in (3.30). Then,

we perform ordinary kriging to the residual to obtain the residual weights� R as in (3.19).

An important aspect of kriging is the variogram which in our case is modeled as a spherical

function,


 (h) =

8
>><

>>:

C1(0)
�

3
2

h
� � 1

2

�
h
�

� 3
�

; h < �

C1(0) ; h � �;
(3.37)
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where � is the kriging range andh the distance of the measurements. The kriging range

represents the maximum distance of correlation between measurements. Thus, beyond the

kriging range the measurements are considered uncorrelated. Finally, we employ the orthog-

onal residual weights, the normalized SNR measurements, the normalized range measure-

ments, and the correlation coe�cient to estimate the SNR at the location of interest and its

variance as in (3.34), (3.35) respectively.

Remark 3.7. The kriging range, the sill, and the nugget are user de�ned in our simulation

environment, yet in practice should be experimentally identi�ed. A robust methodology to

�t variogram models with experimental data is discussed in [26].

Computational Complexity

We discussed that ordinary cokriging can be reduced to ordinary kriging of the orthogonal

residual in a multicollocated setup. Thus, instead ofO(N j + N l )3 computations for � � 1

of ordinary cokriging (3.24), the proposed methodology requiresO(N j )3 computations of

ordinary kriging (3.17), where usuallyN l > N j . Even though the multicollocated cokriging

reduces the computational e�ort, it still remains intractable for online implementation with

large number of measurements. To alleviate the online implementation, acceleration methods

[114] may be used.

3.1.5 Simulations and Results

In this section, we provide simulations to compare the e�cacy of the ordinary kriging to

the proposed cokriging technique. We also present the communication performance between

vehicles in a time-varying underwater environment.
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Simulation Environment

The simulation environment captures the time-varying water conditions of the ambient noise

with a 2D Gaussian. This is a common practice for the ambient noise, yet the mean of the

Gaussian should not be zero [116]. Thus, the mean follows� amb(x) = 0 :3+1:2e�k x � [0:5 1]| k2
+

e�k x � [1:5 1:5]| k2
. We evaluated the mean over a grid of points in the spaceS := X � Y,

whereX = f� 2; � 1:95; : : : ; 4g and Y = f� 2; � 1:95; : : : ; 3:95; 4g. The spatial environmental

conditions as well as the global path of the vehicles are shown in Fig. 3.4. Based on the Wenz

curves [132], typical ambient noise ranges NLamb 2 [25; 45] dB, for signal frequencyf = 25

kHz. The resulting mean for the space of interest outputs values� amb(x) 2 [0:50; 2:12].

Thus, we assign ambient noise values to every cell, following a linear relation. For example,

a cell with mean value� amb(x) = 1 :00 results in ambient noise level,

NLamb(x) = NL max
amb � NLmin

amb

� � amb(x) � � min
amb

� max
amb � � min

amb

�

= 45 � 25
� 1:00� 0:50

2:12� 0:50

�
= 37:28 dB:

The Wenz curves indicate ambient noise NLamb = 25 dB for wind speed of less then 1 knot

and NLamb = 45 dB for wind speed of 28 to 33 knots. Therefore, the environment shown

in Sub�g. 3.4(a) is an extreme environment with high variations in wind speed that corrupt

the SNR. The source level is chosen to be SL = 181 dB.

For the simulated measurements we need to evaluate the communication performance in the

intermediate locations of the two vehicles. Thus, we introduce the evaluation path which

is the straight line that connects the transmitting vehicle and the receiving vehicle. Next,

we search for grid cells which accommodate the evaluation path and compute the average

mean to assign an SNR value. Let the accommodating grid cells of the evaluation path to

be Sx = f � amb(x1); : : : ; � amb(xM )g � S . Then, the resulting ambient noise is computed as
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Figure 3.4: The environmental conditions and the global path of the vehicles. (a) The
spatial environmental conditions are modeled with a 2D Gaussian where higher mean values
represent more corrupted SNR with noise. (b) The path of the �rst vehicle is shown with a
black solid line and of the second vehicle with a blue solid line.

NLamb(x) = (1 =M)
P M

m=1 � amb(xm ). To this end, we not only consider the environmental

conditions at the location of the transmitting x t and the receiving vehiclex r , but also we

acknowledge the environmental conditions of the path that the SNR propagates.

Communication Performance Estimation

We perform two sets of simulations focusing on the estimation of the communication perfor-

mance with and without partial information of the environment with high ambient noise. We

assume that the vehicles can acquire range measurements during all communication events.

In Fig. 3.5, we present the �rst set of simulations comprising of two scenarios with two

vehicles following di�erent paths. In the upper row of Fig. 3.5 the x{marks (black for

vehicle 1 and red for vehicle 2) represent the 150 locations of measurements and the squares

(gray for vehicle 1 and magenta for vehicle 2) the 283 unknown locations of interest. Note

that in both cases we did not collect measurements from the area with increased ambient

noise (depicted in the background with yellow). For the simulation shown in Fig. 3.5(a)

we seek to assess communication performance when in the presence of ambient noise. That

is signi�cantly di�erent from the measured communication performance, i.e. without any
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Figure 3.5: The �rst set of simulations with the vehicles paths and their corresponding
measurements. (a) The vehicles follow similar zig-zag paths at the same direction and they
collect 150 measurements right before the high-varying environment. (b) The vehicles follow
opposite zig-zag paths at the same direction and they collect 150 measurements.

knowledge of the high variability of the environment. The corresponding SNR and range

measurements are provided in the bottom row of Fig. 3.5. In Fig. 3.5(a), the vehicles follow

similar zig-zag paths, and they are always facing in direction. As a result, the measurements

are almost identical at all locations. The correlation coe�cient of the normalized SNR

and range measurements yields� 12(0) = p = � 0:098. In Fig. 3.5(b), the vehicles follow

opposite zig-zag paths at di�erent directions and the correlation coe�cient is computed

� 12(0) = p = � 0:993. Therefore, not only the measurements are highly varying, but also

produce di�erent amplitude. Since, in both cases the measurements were collected at a

similar environment, the communication performance measurements are only a�ected by

variations in range.
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Figure 3.6: The second set of simulations with the vehicles paths and their corresponding
measurements. (a) The vehicles follow similar zig-zag paths at the same direction and they
collect 250 measurements including half of the the high-varying environment. (b) The vehi-
cles follow opposite zig-zag paths at the same direction and they collect 250 measurements.

In Fig. 3.8, we show the absolute error of the SNR estimation with the ground truth of the

ordinary kriging (OK) in red, and the multicollocated ordinary cokriging (MCOK) in blue.

The shaded areas represent the variation of the estimation and the dashed lines the mean of

the absolute error. In the �rst case, OK and MCOK have identical estimation outcomes, yet

for large indices which corresponding to being far from locations where measurements were

acquired, the MCOK provides more reliable estimates. Also, the MCOK mean is slightly

lower, 4:35% from the OK mean. The higher error values of both techniques from the �rst

estimate to approximately the 160-th estimate indicates the high ambient noise in the center

of the environment. In the second case, the OK estimates are equally accurate at points

of interest very close to the last measurements, yet the error increases much faster for the
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Figure 3.7: The absolute error values with their variance for the �rst set of simulations.
The mean of the average error of the multicollocated cokriging and the ordinary kriging are
illustrated in blue and red dashed lines respectively.

OK estimates at distant locations of interest to the acquired measurements. Thus, MCOK

outperforms in long-term estimates and its mean is signi�cantly lower, 66:47% from the OK

mean.

The second set of simulations is shown in Fig. 3.6. We consider two cases following identical

paths with the previous set of simulations, but with more measurements to cover half of the

high ambient noise area, appearing in the center of the environment. Our objective is to

provide more measurements to both methodologies with information on the high ambient

noise area of the environment. More speci�cally, we gather 250 measurements as illustrated

in the upper row of Fig. 3.6 with black and red x-marks corresponding to vehicle 1 and

vehicle 2 respectively. The unknown locations of interests are represented by gray and

magenta squares corresponding to vehicle 1 and vehicle 2. The correlation coe�cients result

in � 12(0) = p = � 0:064 and� 12(0) = p = � 0:957 for the �rst and the second case respectively.

Surprisingly, the second set of simulations provides insu�cient results for both techniques

with radially unbounded errors, even with more measurements, as presented in Fig. 3.8. In

Fig. 3.8(a) the OK and MCOK provide su�cient estimates for locations of interest close to the

last measurements, yet for distant locations of interest the estimation error is unsatisfactory.
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Figure 3.8: The absolute error values with their variance for the second set of simulations.
Both approaches provide poor performance, yet the multicollocated cokriging outperforms
the ordinary kriging estimates.

The MCOK produces lower mean error, 18:71% from the OK mean. In Fig. 3.8(b) both

techniques show poor performance with high error measurements. Although, both techniques

have unsatisfactory performance, the MCOK produces signi�cantly lower mean in the order

of 32:92% from the OK mean. The high absolute errors appear because ordinary kriging

assumes constant means which consequently lead to locally biased kriging estimates.

In all cases the MCOK produces lower mean errors, revealing that the e�ect of the range

is crucial to obtain better estimation results. Although in long-term estimates the MCOK

provides more accurate results, in very close proximity to the measurements the OK provides

similar results. In the second set of simulations both techniques demonstrate poor perfor-

mance. This is occurred due to the nature of ordinary kriging that assumes a stationary

constant mean, as discussed in (3.14). In practice, the spatial global mean is a conservative

assumption, as usually the mean follows atrend over the spatial domain. An alternative

kriging method with a non-stationary mean is the universal kriging, that considers basis

functions to capture the underlying trend in the mean value.
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3.1.6 Conclusion

Our work illustrates de�ciencies in kriging for generating communication performance esti-

mates, arising mainly from the structure of the assumptions. Moreover, our work shows that

using range as a secondary variable in a cokriging formulation of the problem, yields lower

absolute errors and performs better in long-term estimates. More speci�cally, we compare

the proposed methodology with ordinary kriging and we show that the proposed framework

provides better communication performance estimates with lower absolute errors in all simu-

lation scenarios. Only in very short-term estimates and in certain cases the ordinary kriging

computes similar absolute errors. However, at distant locations of interest from the acquired

measurements the proposed methodology provides better results. The simulations reveal

that for realistic applications the assumption of stationary global mean of both techniques

is rather conservative and develops unacceptable absolute errors.

In the following section, we consider a realistic underwater acoustic propagation model to

design basis functions for the mean estimation. In addition, a rigorous estimation technique

for the covariance matrix is presented.

3.2 Learning of Communication Performance

3.2.1 Problem Formulation

In this section we discuss the foundations of random �elds, describe the problem, and present

the UWA communication performance model. In addition, we formulate the problem as a

Gaussian random �eld.
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Foundations

The notation here is standard. The set of real numbers is denotedR, the set of all positive

real numbersR> 0, and the set of all non-negative real numbersR� 0. The transpose and

inverse operators are denoted (�)| and (�)� 1 respectively. The expectation, the variance

and the covariance operators are represented by E[�], Var[�], and Cov(�; �) respectively. The

notation y � N (� ; � ) denotesy that is drawn from a Gaussian distribution with a vector of

means� and covariance matrix� . We denote byI n the identity matrix of n � n dimension.

The vector ofn zeros is represented as0n and the matrix of n � m zeros as0n� m . The hat ŷ

denotes the estimated value ofy and the superscript in parenthesis ^y(n) the n-th iteration of

an estimation process. The cardinality of the setK is denoted card(K ), the absolute values

is denotedj�j , and k�k denotes theL2 norm.

Next, we introduce basic notions of random �elds. For a more in-depth discussion the reader

may refer in [1, 27, 85]. Arandom �eld is a stochastic process indexed in the Euclidean

space. LetZ (x) be a random �eld 1 with covariance function Cov(Z (x); Z (x + h)) for all x,

x + h 2 Rm , wherex denotes the spatial coordinates andh is the separation vector between

two locations, andm is the dimension of the coordinates, e.g.m = 2 for planar coordinates.

The variogram is a statistical measure of spatial autocorrelation that is de�ned by,

2
 (h) := E
� �

Z (x + h) � Z (x)
� 2

�
; (3.38)

where 
 (h) : Rm ! R� 0 is a conditionally negative de�nite function [129] termed assemi-

variogram. The condition ensures that the variance of the random �eldZ (x) is positive.

Lemma 3.8. A semivariogram function 
 : Rm ! R is a conditionally negative de�nite

1Throughout the dissertation, we use the \random �eld," \random process," and \random function"
interchangeably.
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function if and only if expf� �
 g is positive de�nite for all � > 0.

Proof. The proof follows from [9, page 74].

A random �eld is intrinsically stationary if both E[Z (x + h) � Z (x)] = 0 and Var[Z (x +

h) � Z (x)] = 2 
 (h) for all x; x + h 2 R m are satis�ed. An intrinsically stationary random

�eld with constant mean E[Z (x)] = � and Cov[Z (x); Z (x + h)] = C(h) is calledsecond-order

stationary. Note that the covariance functionC(�) is a conditionally positive de�nite function

and stationary|depending only on the separation vector h and not on spatial coordinates

x. Second-order stationarity implies intrinsically stationarity and the Gaussian assumption,

yet the converse is not always true.

For a second-order stationary random �eld the correlation function is de�ned by� (h) :=

C(h)=C(0), where � (h) 2 [� 1; 1] with jC(h)j� C(0) = Var[ Z (x)] and C(0) = � 2 + � 2 is the

sill of the semivariogram with� 2 the partial sill and � 2 the nugget e�ect. The partial sill

� 2 is a semivariogram value where no correlation of data further exists and the nugget� 2

represents the variance of the data measurement error at a given location.

Given a covariance functionC(h) the variogram (3.38) yields,

2
 (h) = Var[ Z (x + h) � Z (x)]

= Var[ Z (x + h)] + Var[ Z (x)] � 2Cov[Z (x + h); Z (x)]

= C(0m ) + C(0m ) � 2C(h)

= 2( C(0m ) � C(h)): (3.39)

We cannot always construct the covariance from the variogram, as the variogram may be

unbounded. Thus, let us assume that the random �eld isergodic. That is as khk! 1

then C(h) ! 0. In other words, when the distance between two measurements is very large
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khk! 1 , there is no spatial correlationC(h) ! 0. The limit of (3.39) askhk! 1 yields,

C(h) = 
 (1 ) � 
 (h); (3.40)

where
 (1 ) = suph 
 (h) < 1 is non-negative.

When the variogram depends only on the displacement vector norm, i.e. 2
 (h) = 2 
 (khk),

then the variogram isisotropic, otherwise it is anisotropic. The ensuing discussion assumes

second-order stationarity and isotropic variogram after detrending.

Problem Formulation

We consider the problem of inter-vehicle UWA communication of two vehicles. In Fig. 3.1,

we illustrate two cases of UWA communication between two vehicles at ranger , with x t

the position of the transmitting vehicle andx r the position of the receiving vehicle. The

�rst case is shown in Fig. 3.1-(a) where the success of the communication event depends

solely on a maximum communication rangeQ. This means that if the vehicle range exceeds

the communication ranger > Q , then the communication cannot be accomplished. In

practice, this binary approach is unrealistic, as multiple spatially-dependent factors may

a�ect the communication of two vehicles, such as scattering, motion-induced Doppler e�ect,

background noise and change of environmental conditions. To this end, we propose multi-

dimensional communication performance maps for various ranges as illustrated in Fig. 3.1-

(b). More speci�cally, we assess the communication performance of an UWA network of

vehicles for speci�c ranges by modeling the problem as a spatial Gaussian random �eld

with a spatially varying mean. Note that the Gaussian model is a reasonable assumption,

as it has been validated with multiple experimental data [100]. For the evaluation of the

communication performance we employ signal-to-noise-ratio (SNR) measurements.
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Let the SNR measurements be modeled by,

Y(x; v) = � (x; v) + Z(x; v) + � (x); (3.41)

whereY(x; v) 2 Rn is the measurement vector describing a non-stationary random �eld at

spatial coordinatesx 2 R2, � (x; v) is the deterministic mean that represents the large-scale

variation, and � � N (0; � 2I n ) is an independent and identical distributed (iid) zero-mean

Gaussian random �eld capturing micro-scale variation of the sensor. The mean� is the

spatial trend that represents large-scale variability, the second-order stationary random �eld

Z captures medium-scale variability, and the white noise� is the small-scale variation of the

sensor. The surrogate variable is denotedv and is used to represent model dependence, not

explicitly accounted for spatial coordinatesx. In the Section 3.2.1, we identify the surrogate

variable by using an UWA propagation channel model.

Assumption 3.9. The deterministic mean is decomposed by a linear combination of un-

known parameters expressed by� (x; v) = X (x; v)� , where X (x; v) 2 Rn� p represents the

matrix of known basis functions and� 2 Rp the vector of the unknown regressor coe�cients.

Since the measurementsY are non-stationary, we detrend the measurements, i.e. remove the

meanY � � , to obtain a stationary random �eld. Next, with the detrended measurements

the covariance matrix� is estimated with an iterative scheme. After estimating the covari-

ance matrix � , we employ the original measurementsY to perform predictions. A critical

component for detrending is the basis functionsX , thus we are inspired by the propagation

model to designX and accurately detrend the measurements.

Remark 3.10. The major di�erence between kriging and Gaussian processes (GPs) is that

the former computes the covariance functionC through the semivariogram function
 (3.40).

In a second-order spatial random �eld, this intermediate step provides better estimates for
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three reasons: i) estimation bias [38, pp. 313-320]; ii) boundedness properties [131, pp. 79{

84]; and iii) trend contamination [27, pp. 70{73]. Since this paper regards a second-order

spatial random �eld Z with trend � , we �nd kriging more suitable over GPs.

Communication Performance

For communication performance, we use an UWA propagation channel model and its sta-

tistical characterization, described in [100, 115, 116]. The statistical model comprises the

physical model of the UWA communication channel and random vehicle perturbations which

a�ect the local SNR. Large-scale variability of SNR occurs due to large-scale spatial varia-

tions in environmental conditions, evoking local error variations and thus a non-stationary

random �eld.

To approximate the communication performance between two agents we use the SNR. In

principle, the higher the SNR, the more likely is to detect the signal. In this work we consider

�xed signal power, frequencyf , and bandwidth B . Let the power of the transmitted signal

be constant, then the SNR yields,

SNR =
PT G
PN

; (3.42)

where PT denotes the power of the transmitted signal,G is the channel gain andPN is

the power of noise. The gainG has been shown to follow a log-normal distribution logG �

N ( �G; � 2
G), where �G represents the mean of the log channel gain and� 2

G its variance [18, 100].

On the decibel scale, the source level takes the form ofSl(f ) = 10 log PT and the noise level

yields NL (f; ! ) = 10 log PN [116]. If we neglect variations of water pressure with depth,

then the gain on the decibel scaleg = 10 log G is a Gaussian distribution, expressed as,

g(r ) = �g(r ) + �; (3.43)
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where� � N (0; � 2
� ) a zero-mean Gaussian random �eld. The mean follows,

�g(r ) = g0 � k010 log
r

r ref
; (3.44)

whereg0 is a constant gain,r ref is reference range (e.g., 1 m in our case), andk0 is the path

loss exponent, provided by taking ensemble averages [99]. Ensemble averages is a method to

represent the expected value of a waveform.

Note that (3.41) has identical structure with the model of the UWA propagation channel

model (3.43). Thus, using (3.44) we choosev to be the range between transmitting and

receiving node, i.e.v = r , and the SNR measurements (3.41) are expressed,

Y(x; r ) = X (x; r )� + Z (x; r ) + � (x): (3.45)

The speci�c goal of our UWA performance prediction application is summarized in Prob-

lem 1.

Problem 1. Predict the communication performanceŶ and the corresponding variance

Var[Ŷ ] at unvisited locationsx0, provided a set of communication performance measurements

Y at locations x and the vehicle ranger .

3.2.2 Training of Gaussian Random Field

In this section, we formulate basis functionsX and use least squares on the training data

Y(x; r ) to estimate the unknown regressor coe�cients� of the spatial trend � (x; r ). Then,

we remove the trend by subtracting the mean� (x; r ) from the measurementsY(x; r ) to

retrieve a stationary random �eld. The detrended measurementsY � � are used to estimate

the parameters of multiple variogram functions with a maximum likelihood-based method.
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Next, we select the most suitable covariance model, based on the Bayesian information

criterion. With the selected variogram model we construct the covariance matrix� and

use generalized least squares to improve the accuracy of the spatial trend estimator� . The

method iterates until the parameters of the variogram function converge.

Spatial Trend Modeling

The random �eld in (3.45) is non-stationary due to the spatial trend. Thus, the original

measurements cannot be used to estimate the parameters of the variogram. To this end, we

seek basis functionsX to model the spatial trend� , detrend the measurementsY � � , and

recover stationarity.

A precise model of the trend is important for spatial extrapolation, ideally arising from the

physics of the system [31]. The obvious choice for the elements of the basis functionX is

to employ spatial coordinates as covariates. In spatial statistics, polynomial basis functions

of spatial coordinates, e.g.,X (x) = [1 ; x; y; xy; x2; y2], are often employed [27]. However,

polynomial basis functions do not behave well for extrapolation, because they are radially

unbounded, i.e. askxk! 1 then X (x) ! 1 . To this end, Gaussian radial basis functions

(RBF) are widely used in various applications [120], as they provide suitable extrapolation

results. In addition, surrogate variables|arising from the physical model of the system|are

useful covariates to interpret the behavior of the spatial variation [31]. A Gaussian RBF is

described by,

X l (x; cl ; � 2
R;l ) = exp

 

�
(x � cl )2

2� 2
R;l

!

; (3.46)

where cl is the center of each measurement, e.g.,cl = 0 for zero mean measurement error

� (3.45). The corresponding variance is denoted� 2
R;l , where in practice is a constant value

� 2
R;l = � 2

R for all l measurements. From (3.44), it is deduced that the range of the vehicles has
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a linear-log relationship to the mean. Hence, our proposed hybrid basis function combines

Gaussian RBF incorporating spatial coordinates (3.46) and linear-log range,

X (x; r ) = [1 ; exp
�

�
(x � cx )2

2� 2
x

�
; exp

�
�

(y � cy)2

2� 2
y

�
; r; logr ]: (3.47)

For data detrending, since the covariance function is unknown, the generalized least squares

(GLS) cannot be used. Thus, we initially estimate the unknown parameters using ordinary

least squares (OLS),

b�
(1)

OLS = X (x; r )yY(x; r ); (3.48)

whereX y = ( X | X )� 1X | , X y 2 Rp� n is the Moore-Penroe pseudoinverse ofX . The estimated

unknown parametersb�
(1)

OLS are not the �nal estimated unknown regressor values. Instead, we

shall employ b�
(1)

OLS to detrend the measurements and assess their behavior with an iterative

technique. The Gaussian residual random �eld (or detrended data) is expressed,

~Y(x; r ) = Y(x; r ) � X (x; r ) b�
(1)

OLS : (3.49)

Assumption 3.11. The random �eld of the underlying latent process is second-order sta-

tionary after detrending, i.e. ~Y is second-order stationary.

Assumption 3.12. The variogram function is isotropic after detrending.

Experimental Semivariogram and Theoretical Models

In this section, we present three commonly used semivariograms and an optimization method

to estimate the initial parameters of the semivariogram function. The Matheron empirical

semivariogram [84] is used in the majority of the literature for the estimation of the unknown
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parameters,


̂ (h) =
1

2 card(N (h))

X

N (h)

j ~Y(x + h) � ~Y(h)j2;

whereN (h) = f (o; p) j xo � xp = hg is the set of measurements at distanceh and ~Y is the

vector of the residual measurements (3.49). The main idea is to compute the experimental

semivariogram from the detrended data and then compare it to theoretical semivariogram

models. The Matheron empirical semivariogram is unbiased, yet it is highly a�ected by

outliers, due to the squared term. A robust estimator of the experimental semivariogram is

proposed in [28] as,


̂ CH (h) =

� P
N ( h ) j ~Y (x + h)� ~Y (h)j1=2

card( N (h))

� 4

0:914 + 0:988
2 card(N (h)) + 0:090

card( N (h)) 2

: (3.50)

The robustness relies on a transformation which ensures that the fourth root of the trans-

formed distribution produces relatively small skew. Note that we cannot interpolate the

experimental semivariogram to obtain a semivariogram, because the conditional negative

de�nitiveness property may be violated. Instead, we �t the experimental semivariogram to

theoretical models that ensure the desired properties of a semivariogram function.

We consider three potential theoretical semivariogram models which are conditional negative

de�nite. The spherical semivariogram is given by,


 s(h; � ) =

8
>><

>>:

� 2 + � 2; khk� �;

� 2 + � 2

�
3khk
2� � 1

2

�
khk
�

� 3
�

; khk� �;
(3.51)

where the semivariogram parameter vector� = [ � 2 � 2 � ]| 2 � contains the nugget, the

partial sill, and the semivariogram range with � = f � 2 R3 j � 2 � 0; � 2 � 0; � � 0g the

parameter space. Note that the semivariogram and the covariance parameters are identical.
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We also consider the exponential semivariogram function,


 e(h; � ) = � 2 + � 2
�

1 � exp
n

�
khk
�

o�
: (3.52)

Finally, the Mat�ern semivariogram function [83],


 m(h; � ) = � 2 + � 2

�
1 �

(khk=� )�

2� � 1�( � )
K �

� khk
�

� �
;

where �( �) is the gamma function,K � is the Bessel function of order� , and � is the smoothing

parameter. Note that the Mat�ern semivariogram function is a general model, thus we �x the

smoothing parameter at� = 3=2 to obtain a mixed polynomial-exponential form,


 pe(h; � ) = � 2 + � 2
�

1 �
�

1 +

p
3khk
�

�
exp

n
�

p
3khk
�

o�
: (3.53)

We will employ all semivariogram functionsC = f 
 s; 
 e; 
 peg and evaluate their performance.

The next step is to formulate an optimization problem to �t the modelsC and derive the

corresponding parameter vector� . We utilize a weighted least squares (WLS) approach [26]

which yields,

b�
(0)

CWLS = arg min
� 2 �

NgX

g=1

card(N (h(g)))
�


̂ CH (h(g))

 (h(g); � )

� 1
� 2

; (3.54)

whereNg is the total number of the separation vectorshg.

The parameter estimation (3.54) relies on the residual measurements~Y (3.49) which in-

corporates measurement bias. Thus, the estimation is sensitive to the bias of the mean

value.
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Unbiased Semivariogram Model Fitting

In this section, we seek an unbiased estimator for the parameter vector� and a strategy to

narrow down the parameter space �. Maximum likelihood (ML) estimation is used widely

in statistics. In spatial statistics, due to high correlation of the observations, ML is known to

generate unfavorable outcomes [65]. In addition, when the observations are limited, then the

bias of the ML estimation is signi�cant. An alternative bias-free approach is the restricted

maximum likelihood (REML) estimation [48, 144], which makes use of error contrasts to

remove the mean dependence from the estimation of variance.

An alternative bias-free approach is the restricted maximum likelihood (REML) estimation

[48, 144], which makes use of error contrasts to remove the mean dependence from the

variance estimates. The main idea is to transform the residual measurements~Y from (3.49)

with a matrix A 2 Rn� (n� p) such that, A | X = 0 and E[A | ~Y] = 0, where X is the basis

function (3.47). In other words, each column vector of matrixA = [ a1 a2 : : : a(n� p) ] is

orthogonal to all columns ofX . Let us de�ne the error contrast, W := A | ~Y to obtain

W � N (0; A | � (� )A ), which obviously does not depend on the estimated mean parameters

b� OLS . Although A is not unique, a matrix that satis�es the properties is the orthogonal

projection onto the kernel ofX , that is, A = I n � X (X | X )� 1X | . We note that A does

not depend on the estimated mean parametersb� OLS . Therefore, the log-restricted likelihood

function is de�ned,

L(� jW) = �
1
2

�
(n � p) log(2� ) + log jX | X j� logj� (� )j� logjX | � (� )X j� ~Y | � (� ) ~Y

�
;

(3.55)

where � (� ) = � (� )� 1 � � (� )� 1X (X | � (� )� 1X )� 1X | � (� )� 1, n is the measurement vector

size, andp is the rank of X . Next, the log-restricted likelihood (3.55) is maximized with



3.2. Learning of Communication Performance 49

respect to � 2 � to obtain the estimated parameter vector b� . To reduce the search of the

parameter space �, we use the parameter estimateb�
(0)

CWLS (3.54) as a center value of the

initial set of parameters in the optimization scheme. So far we computed three covariance

parameter vectorsb� corresponding to three candidate models (3.51), (3.52), (3.53). A bene�t

of likelihood-based approaches is that they can be combined with statistical model selection

tools [88].

Statistical Model Selection

The Bayesian information criterion (BIC) is a statistical model selection methodology, in-

troduced by Schwarz in [109]. The BIC is given by,

BIC(M k) = � 2 lnL ( b� k j ~Y ; Mk) + pk ln n; (3.56)

where M = f M k = � ( b� k) j k = 1; : : : ; K g is the set of candidate models,b� k denotes the

REML estimates of � k , pk = 3 is the dimension of the parameter space �,L ( b� k j ~Y ; Mk)

represents the marginal likelihood corresponding to the density functionp( ~Y ; Mk j b� k), and

n is the measurement size of the vector~Y. In our caseK = 3 corresponds to three di�erent

candidate semivariogram functions (3.51), (3.52), and (3.53). In principle, the semivariogram

function with the smallest BIC represents the true model, assuming that the real model is

listed among the candidate covariance models. One of the major advantages of the BIC

is that it satis�es the property of consistency. That is even if the true model is not listed

among the candidate models, the BIC selects the most parsimonious model closest to the

true model, by computing the marginal likelihood with Laplace approximation.

Since the BIC (3.56) is computed in the log-scale, its evaluation may be ambiguous. Thus,
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we employ the posterior probability of the BIC [89] which is approximated by,

P(M k j ~Y) �
exp

�
� 1

2 � k

�

P K
k=1 exp

�
� 1

2 � k

� ; (3.57)

where � k = BIC( M k) � BIC? denotes the BIC di�erence of a candidate model with the

minimum BIC candidate model BIC? = min M k 2M BIC(M k). Essentially, P(M k j ~Y) is a

probability mass function, that provides a probability of suitability for each model to the

real model.

Nested Semivariogram Model

So far we assumed that the variation of the underlying process is purely represented by either

a spherical (3.51), or an exponential (3.52), or a polynomial-exponential (3.53) variogram

model. However, in many cases, the spatial variability is more complex, and thus a com-

bination of semivariogram models interprets the latent process more precisely. The nested

[131] (or compositional [32]) semivariogram function is de�ned by,


 nest(h; b� s;k ; b� e;k ; b� pe;k ) := � 1
 s(h; b� s;k ) + � 2
 e(h; b� e;k ) + � 3
 pe(h; b� pe;k ); (3.58)

where� k 2 (0; 1), and
P K

k=1 � k = 1.

Lemma 3.13. Any convex combination of semivariograms is a semivariogram.

Proof. Let 
 k be a semivariogram and
 � k = f 
 lgl6= k a vector of semivariograms other than


 k . Since
 : R2 ! R� 0 and � k 2 (0; 1), then 
 nest =
P K

k=1 � k 
 k > 0 for khk6= 0. Moreover,

expf� �
 nestg is positive de�nite for all � > 0. Hence, from Proposition 3.8 any convex

combination of variograms
 nest is a variogram.
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The nested semivariogram is similar in spirit to [32], yet the authors used directly the BIC.

Since the BIC is in the log-scale (3.56), it does not scale well with the nested semivariogram.

Alternatively, we employ the posterior probabilities of BIC � k = P(M k j ~Y) that satisfy

� k 2 (0; 1) and
P K

k=1 � k = 1.

Iterative Parameter Training

For the iterative parameter training we utilize the estimated covariance matrix� ( b�
(1)

).

The covariance matrix allows the implementation of the generalized least squares (GLS) to

improve the estimation of the mean. The GLS mean estimate is described by,

b�
(2)

GLS =
�

X | �
�

b�
(1)

� � 1
X

� � 1

X | �
�

b�
(1)

� � 1
Y: (3.59)

Sequentially, the residual random measurements (3.49) yield,

~Y(x; r ) = Y(x; r ) � X (x; r ) b�
(2)

GLS : (3.60)

In addition, the GLS mean estimation facilitates a more accurate determination of the co-

variance function. To this end, we employ the detrended measurements (3.60) and iterate

the covariance training. The training is terminated when,

kb�
(s)

� b�
(s� 1)

k� � (3.61)

where � 2 R> 0 is a small error threshold. At every iteration we expect lower BIC values

(3.56).Essentially, after the second iteration, the change on the mean and covariance estimate

is insigni�cant [131, pp. 196{200], [49, 66], and usually the training is terminated.
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3.2.3 Spatial Prediction

In this section, we describe universal kriging [27, 74, 129], a spatial prediction technique that

predicts values at locations of interest, based on measurements from other locationsY and

the estimated covariance matrix� . The main di�erence from the ordinary kriging lies in

the mean value of the random �eld, which is not assumed to be constant. More speci�cally,

provided measurementsY at locations x 2 R2 the random �eld is described by (3.45). We

use a linear unbiased estimator,

Ŷ (x0; r ) =
nX

i =1

! i Y(x i ; r ) = ! | Y(x; r ); (3.62)

where x0 2 R2 is the location of interest, ! = [ ! 1 : : : ! n ]| 2 Rn are the weights we seek

to obtain, and Y(x; r ) are the raw measurements, i.e. not the residuals. The unbiasedness

of the predictor is ensured by E[̂Y(x0; r ) � Y(x0; r )] = 0, that yields a system of equations

known as universality conditions,! | X = X |
0 , whereX 0 2 Rp is the vector of known basis

functions at the location of interest. Next, we formulate the unconstrained minimization

problem of the prediction variance with multiple Lagrange multipliers� 2 Rp to include the

universality conditions. The solution is,! UK = � � 1
UK 
 UK , where! UK = [ ! | � |

UK ]| 2 Rn+ p is

a stacked vector that contains the weights! and the Lagrange multipliers� UK to minimize

the mean square prediction error. The non-singular matrix� UK 2 R(n+ p)� (n+ p) captures the
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redundancyof measurements and is given by,

� UK =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4


 (x1; x1) : : : 
 (x1; xn ) 1 X 2(x1) : : : X p(x1)
...

. . .
...

...
...

. . .
...


 (xn ; x1) : : : 
 (xn ; xn ) 1 X 2(xn ) : : : X p(xn )

1 : : : 1 0 0 : : : 0

X 2(x1) : : : X 2(xn ) 0 0 : : : 0
...

. . .
...

...
...

. . .
...

X p(x1) : : : X p(xn ) 0 0 : : : 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

:=

2

6
4

� X

X | 0p� p

3

7
5 ;

The semivariogram vector
 UK 2 R(n+ p) considers theclosenessof the measurements to the

location of interest x0,


 UK =
h

 (x0; x1) : : : 
 (x0; xn ) 1 X 2(x0) : : : X p(x0)

i |

:=

2

6
4


 0

X 0

3

7
5 : (3.63)

The decoupled coe�cients in terms of the covariance matrix yield,

! | =
�

c0 + X (X | � � 1X )� 1(X 0 � X | � � 1c0)
� |

� � 1; (3.64)

with Lagrange multipliers,

� |
UK = � (X 0 � X | � � 1c0)| (X | � � 1X )� 1: (3.65)
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Hence, the predictive distribution of UK with a covariance matrix is,

Ŷ j Y;x; r � N
�

[c0� � 1 + ( X 0 � c0� � 1X )(X | � � 1X )� 1X | � � 1]Y;

C(0m ) � c0� � 1c|
0 + ( X 0 � c0� � 1X )(X | � � 1X )� 1(X 0 � c0� � 1X )|

�
(3.66)

3.2.4 Model-Based Learning Framework

In this section, we discuss the structure and the algorithm of the prediction technique.

Learning Structure

The two-step process is depicted in Fig. 3.9. We start by collecting measurements of com-

munication performance (SNR) along with the vehicle range. Given those measurements

we seek to predict the communication performance at unvisited locations. The �rst step is

the training of the Gaussian random �eld to obtain a covariance matrix, while the second is

spatial prediction at unvisited locations with universal kriging. The objective of the �rst step

is to determine the most suitable covariance function and its parameters characterizing the

underlying latent process. The block of the covariance matrix is depicted in light red. The

goal of the second step is to predict the SNR at unvisited locations and its corresponding

variance, where their blocks are depicted in light red accordingly.

The training step comprises three modules: i) the data detrending; ii) the parameter es-

timation; and iii) the iterative training. The data detrending includes the hybrid basis

function formulation (3.47) and the OLS computation (3.48). Next, the detrended measure-

ments are used to compute the candidate semivariogram functions (3.51), (3.52), (3.53). The

semivariograms are provided to the estimation module which is also a multistage process.

The estimation module �rst computes the covariance parameters to be used as initial con-
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Figure 3.9: The two-step learning process. The �rst step is the training of the Gaussian
random �eld that yields a covariance matrix and the second step the spatial prediction of
the communication performance.

ditions, by employing the Cressie and Hawkins robust experimental semivariogram (3.50)

and a weighted least squares estimation with Cressie weights (3.54). The next stage is the

REML estimation that optimizes the objective likelihood function (3.55) and results in three

bias-free covariance parameter vectors. The last stage of the estimation module considers

the selection of the most suitable covariance model among the three candidates with the

posterior BIC (3.57). Whenever the posterior probability of BIC indicates suitability of less

than a probability threshold, we compute a nested semivariogram. The last module describes

an iterative training for the selection of the covariance matrix. Since we have obtained a

covariance matrix, the mean estimates can be improved by computing the GLS (3.59). Sub-

sequently, we recompute the residual random function and run the estimation module to

obtain a new covariance matrix. The training iterates until the parameters of the covariance

matrix converge (3.61). For the numerical experiments reported herein, convergence requires

no more than two iterations.

The second step is the spatial prediction. Given the measurements, the model-based basis
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functions, and the covariance matrix from the previous step we use the location of interest to

solve the universal kriging and obtain the kriging weights (3.64),(3.65). Finally, we predict

the SNR at the location of interest and corresponding SNR variance (3.66).

Algorithm

The main routine is presented in Algorithm 1. TheinitialConditions module assigns ini-

tial values to the semivariogram parameter vectorb�
(0)

. More speci�cally, the partial sill � 2 is

assumed to be the variance of the residual measurements (3.49), the nugget e�ect� 2 and the

semivariogram range� are selected according to the sensor sensitivity and characteristics re-

spectively. The initial covariance matrix estimate� ( b�
(0)

) is set equal to the identity matrix.

Next, the algorithm proceeds to the iterative parameter estimation process. We consider

three semivariogram functions (3.51), (3.52), (3.53) at each iteration. Thebasis function

computesX according to (3.47). TheGLSfunction implements the GLS (3.59) to estimate

the mean regressor parametersb�
(s)

. Note that in the �rst iteration the initial covariance

matrix is the identity matrix, and hence the algorithm implements an OLS regression (3.48).

The function detrend is employed to compute the residual measurements (or detrended

data) ~Y (s) by subtracting the estimated spatial trend from the measurements (3.49). With

the detrended data, the functionCWLScomputes initial values for the estimation of the semi-

variogram parameter vectorb�
(s� 1)

k by solving a WLS minimization problem (3.54). Next, the

REMLmodule implements the REML (3.55) to estimate the semivariogram parameter vector

b�
(s)

k . The BIC function calculates the BIC (3.56) and thediffBIC computes the di�erence of

each candidate with the lowest BIC?. Then, the postBIC calculates the posterior BIC (3.57)

that assign probabilities of suitability for each candidate model with the underlying latent

process. When the highest probability of the posterior BIC falls below a threshold' , the

nested function computes the covariance matrix with a nested semivariogram (3.58). The
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Algorithm 1 Learning of UWA Communication Performance
Input: Y , x, r , x0, n, p, pk , 
 , ' �
Output: bY , Varf bYg

1: b�
(0)

 initialConditions (Y )

2: � ( b�
(0)

)  I n ; k  0;
3: X  basis (x; r );
4: for s = 1 to S do . Start training

5: b�
(s)

 GLS(Y;X ; � ( b�
(s� 1)

));

6: ~Y (s)  detrend (Y;X ; b�
(s)

); . Non-stationarity
7: for each 
 2 C do

8: b�
(s� 1)
k  CWLS( ~Y ; 
; b�

(s� 1)
); . Robustness

9: b�
(s)
k  REML( ~Y ;X ; n; p; 
; b�

(s� 1)
k ); . Unbiasedness

10: M k  � ( b�
(s)
k );

11: BIC k  BIC( ~Y ; n; pk ; b�
(s)
k ; M k );

12: k  k + 1;
13: end for
14: BIC ?  minM k 2M f BIC( M k )g;
15: for k = 1 to K do
16: � k  diffBIC (BIC k ; BIC ?);
17: end for
18: for k = 1 to K do . Model selection
19: P(M k j ~Y )  postBIC(� k );
20: end for
21: if maxM k 2M f P(M k j ~Y )g < ' then . Covariance

22: � ( b�
(s)

)  nested (P(M k j ~Y ); b�
(s)
k );

23: else
24: � ( b�

(s)
)  maxM k 2M f P(M k j ~Y )g;

25: end if
26: if kb�

(s)
� b�

(s� 1)
k� � then . Iteration criterion

27: break;
28: end if
29: end for . End training

30: bY ;Var[ bY ]  UK(Y;x; r; X ; x0; � ( b�
(s)

)); . Prediction

iterative training procedure is terminated when the semivariogram parameter estimation

converges to an� -neighborhood (3.61). Finally, we utilize the estimated covariance matrix

� ( b�
(s)

) and the measurements to solve the universal kriging and obtain SNR prediction̂Y

at the unvisited locations of interestx0 and its corresponding variance Var[̂Y ].
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3.2.5 Computational Complexity

The time complexity of the training is O(n3) for computing the inverse and determinant of

the covariance matrix� . These computations are performed repeatedly in (3.55) to �nd the

hyperparameters� that maximize the log-restricted likelihood. Next, we store the inverse

covariance� � 1 and n measurements, which result inO(n2+ mn) space complexity. For small

robots with limited RAM memory capacity, the space complexity may be more restrictive

than the time complexity. The prediction mean and variance (3.66) requireO(n) and O(n2)

computations respectively.

3.2.6 Simulations and Experiments

In this section, we provide simulations and experiments to demonstrate the e�cacy of the

proposed methodology.

Simulation Environment

The simulation environment is developed with a well-established, statistical UWA channel

model that incorporates 34 parameters and interprets multipath formation, motion-induced

Doppler, surface scattering, and large-scale variability of the channel geometry [100]. This

channel model has been exhaustively compared to experimental data from multiple under-

water missions, which varied in location, season, time duration, weather conditions, static

nodes, and moving AUVs.

The SNR measurements consist of three components as described in (3.42). The channel gain

(3.43) is computed for signal frequencyf = 25 kHz, bandwidth B = 5 kHz, surface height

100 m, and vehicle depthsz1 = 80 m and z2 = 50 m. The navigation depth corresponds
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Table 3.1: Training with Exponential Semivariogram

Cases Exponential Semivariogram Parameters

Training Validation
Bias

OK UK
Set Set � 2, � , � 2 � 2, � , � 2

150
519

� 10 93:27, 17822, 0 60:59, 12381, 0
0 92:83, 17738, 0 61:00, 12378, 0

Long-distant +10 92:74, 17722, 0 60:79, 12382, 0

500
169

� 10 80:91, 16888, 0 70:66, 14792, 0
0 80:86, 16877, 0 71:51, 14969, 0

Short-distant +10 80:31, 16763, 0 71:15, 14895, 0

OK{Ordinary kriging; UK{Universal kriging.

Table 3.2: Training with Mat�ern Semivariogram

Cases Mat�ern Semivariogram Parameters

Training Validation
Bias

OK UK Model-based UK
Set Set � 2, � , � 2 � 2, � , � 2 � 2, � , � 2

150
519

� 10
368:73, 2994, 0:20 364:42, 2994, 0:20 14:42, 711, 0:190

Long-distant +10

500
169

� 10
14:13, 548, 0:23

13:78, 548, 0:23 82:04, 1495, 0:260
Short-distant +10 111:17, 1611, 0:26

OK{Ordinary kriging; UK{Universal kriging.

to shallow water, where the speed of sound can be considered constant [116]. We set the

source levelSl = 180 dB which is a realistic value for UWA acoustic modems operating in

such signal frequencies. The large-scale parameters, i.e. path gain and propagation delay,

are computed using theBellhop model [98]. The Doppler parameters were generated using

�rst-order dynamics. Since the vehicles maintain constant velocity, the drifting parameters

were neglected. Each vehicle depth remained constant during the simulation, yet the depth

of each vehicle is di�erent.

In addition, we impose local ambient noise to the synthetic data (denominator of (3.43)).
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The local ambient noise is captured with: i) uniform noise; ii) linear noise; iii) single non-zero

Gaussian distribution; and iv) two non-zero Gaussian distributions. We evaluate the ambient

noise over a grid of points in the spaceS := X � Y, whereX = [ � 2000; � 1990; : : : ; 3000] and

Y = [0; 10: : : ; 5000] in meters. The ambient noise for the space of interest outputs values

NL (x) 2 [7:75; 50] in dB, resulting in both mild and extreme environments.

The evaluation of the predictions is accomplished with two metrics. The �rst metric is the

mean square error (MSE), MSE = 1=nu
P nu

u=1 (Ŷ (x0;u ; ru) � Y(x0;u ; ru))2, where nu is the

number of unknown responses at locations of interest. Next, the negative log predictive den-

sity (NLPD) [102] follows, NLPD = � 1=nu
P nu

u=1 logp(yu j x0;u ; ru), where the distribution

is provided by p(yu j x0;u ; ru) � N (Ŷ (x0;u ; ru); � 2
UK (x0;u ; ru)). The NLPD loss characterizes

not only the error of the mean value, but more importantly the uncertainty bound. More

speci�cally, both under- and over-con�dent predictions are penalized.

Simulation Results

We compare �ve prediction techniques: i) the ordinary kriging (OK) with exponential semi-

variogram (3.52); ii) the OK with Mat�ern semivariogram (3.53); iii) the universal kriging

(UK) with linear trend and exponential semivariogram (3.52); iv) the UK with linear trend

and Mat�ern semivariogram (3.53); and v) the proposed model-based learning method with

hybrid basis function and semivariogram model selected by the posterior BIC or formed as

a nested structure. The OK formulation is discussed in [68]. In the �rst four prediction

techniques, we select the exponential and the Mat�ern semivariogram functions, as they are

widely used in the literature. Each agent collects measurements of communication perfor-

mance (SNR) and vehicle ranger from visited locations. Since the global paths are known,

the agents are aware of their range at the unvisited locations. ThegeoR package [105] is

used to implement the geostatistical methodologies.
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Figure 3.10: The color map on the top row depicts the ambient noise distribution that
deteriorates the UWA communication performance. The solid black and dotted black lines
correspond to the lawnmower paths of agent 1 and agent 2 respectively. In all cases we use
9 proportions of the training data to make predictions. (a) Uniform noise distribution case
with MSE and NLPD computed for 9 proportions of the training data. (b) Linear noise
distribution case with MSE and NLPD computed for 9 proportions of the training data. (c)
One source of non-zero Gaussian noise distribution case with MSE and NLPD computed for
9 proportions of the training data. (d) Two non-zero Gaussian noise distribution case with
MSE and NLPD computed for 9 proportions of the training data.

Training

For the evaluation of the robustness in training, we perform 30 simulations with added

bias on the measurements. We consider one noise pro�le scenario of two non-zero Gaussian

distributions. The trajectories of the mobile robots as well as the ambient noise distribution

are illustrated in the top right image of Figure 3.10. The black solid and dotted line represent

the lawnmower paths of agent 1 and 2 respectively. We consider two cases: i) the long-
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distant prediction; and ii) the short-distant prediction. In the long-distant prediction case,

each agent collects 75 measurements while in the short-distant case 250 measurements of

SNR and range. We seek to predict the communication performance in the long-distant case

of 260 and 259 and in the short-distant-case of 85 and 84 unvisited locations for agent 1

and 2 respectively. The e�ect of the bias to the semivariogram estimation, i.e. robustness,

is investigated by adding a systematic error to the measurements. The added biases are:

i) +10; ii) � 10; and iii) no bias. We observe in Tables 3.1 and 3.2 that the added bias

does not a�ect the training of the proposed technique, resulting in the same semivariogram

function and semivariogram parameters. In both OK and UK methods with exponential

semivariogram, the estimated parameters are clearly a�ected by the added bias. In the OK

prediction method with Mat�ern semivariogram, the added bias a�ects only the long-distant

case of +10 added bias, yet the di�erence is signi�cant. The UK prediction method with

Mat�ern semivariogram is not a�ected by the added bias. Note that the the posterior BIC

selected the Mat�ern semivariogram as the true model. Evidently, when a statistical model

selection methodology is not employed, yet the true semivariogram model is spontaneously

selected, then the parameter estimation appears less variation with added bias. However, we

cannot always rely on heuristic assumptions, ignoring statistical model selection methods. In

addition, in many cases a single semivariogram function may not be adequate to fully describe

the underlying latent process. After using the posterior BIC to select the true semivariogram

function, the REML successfully removes the bias from the parameter estimation, regardless

of the systematic error direction, i.e. sign of the bias. Therefore, the proposed methodology

constitutes a robust and bias-free alternative of the maximum likelihood estimator.
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Prediction

For the evaluation of the prediction we perform 180 simulations, comprising 9 training

datasets at 4 ambient noise pro�le scenarios and 5 prediction techniques. The size of the

training dataset varied proportionally from 10% up to 90% of the data. The remainder data

act as the validation dataset of the learning process. The distant horizon of the extrapolation

is associated to the proportion of the training data, e.g., 10% of training data correspond

to the longest distant prediction and 90% to the shortest distant prediction. The spatial

environmental conditions and the global path of the vehicles are shown in the top row of

Figure 3.10. The MSE and NLPD are presented in the middle and bottom row of Figure 3.10

respectively.

In the �rst noise distribution scenario, i.e. uniform noise, randomness arises mostly from

the statistical characterization of the UWA channel model (see Figure 3.10-(a)). That is

mild ambient noise conditions, which often appear in deep ocean environments. In shallow

water environments, uniform ambient noise occur when vehicles navigate in areas with no

nearby shipping and mild weather conditions. Clearly, the proposed method outperforms

the rest techniques both in terms of prediction accuracy and uncertainty quanti�cation.

Especially, for long-distant prediction the di�erence is signi�cant, making our model-based

approach three orders of magnitude more accurate in terms of MSE and the uncertainty

bounds almost one order of magnitude more realistic acording to NLPD. As more data are

incorporated in the training dataset, the rest methods improve their accuracy and uncertainty

quanti�cation metrics. However, only in the shortest distant prediction case, i.e. 90%

training dataset, the rest methods are comparable with our technique. The results advocate

that for mild ambient noise conditions the proposed model-based learning technique vastly

outperforms the compared methods and can be safely used for long-distant extrapolation.

Next, we impose linear ambient noise distribution to the UWA channel model, as presented
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Table 3.3: Posterior BIC-based Selection of Semivariogram Function

Semivariogram-posterior BIC [%]

% of Uniform Linear 1 Gaussian 2 Gaussian
Data Noise Noise Source Noise Source Noise

10 S-33; E-33; M-34 S M M
20 S-31; E-31; M-38 S-51; E-49 M M
30 S-32; E-32; M-36 S M M
40 S-33; E-32; M-35 S M M
50 S-32; E-32; M-36 S M M
60 S-26; E-32; M-42 S M M
70 S-9; E-87; M-4 S M M
80 S-33; E-33; M-34 M M M
90 S-16; E-67; M-17 M M M

S{Spherical; E{Exponential; M{Mat�ern.

in Figure 3.10-(b). Linear ambient noise corresponds to a spatially large source of noise

that almost equally and progressively deteriorates the communication performance of the

vehicles. Similarly to the uniform noise case, the results show better predictions from all

other methods, where after the 40% training dataset the predicted values become accurate

with almost zero error values. Yet, the uncertainty of the proposed technique is overcon�dent,

reporting similar NLPD values with the rest methods. The results reveal that for the linear

ambient noise distribution scenario, our methodology outperforms the rest techniques and

produces accurate predictions for 40% and larger training datasets. However, the uncertainty

quanti�cation is overcon�dent in all cases.

A single spatially small and intense source of noise is presented in Figure 3.10-(c). Such noise

sources often appear in Nature and they consider to be the main reason of conservativeness in

long-distant extrapolated predictions. Apparently, the spatially small source of noise obscure

the UK methods and slightly favors the OK techniques. However, the proposed model-based

UK methodology outperforms the rest techniques by one order of magnitude on the mean

predictions and quanti�es the uncertainty better according to NLPD. Thus, our learning
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Figure 3.11: Comparison of nested semivariogram with the three candidate semivariogram
functions for the uniformly distributed noise scenario.

method advocates to higher level of robustness for unexpected spatially small and intense

source of noise. We extend the previous case using two spatially small and intense sources

of noise with di�erent magnitude, as illustrated in Figure 3.10-(d). The proposed method

outperforms the rest techniques for the majority of the training dataset cases in terms of

MSE. The biggest competitor is the most parsimonious form of prediction the OK, yet in

only three out of nine training datasets the OK produces lower communication performance

error values. The uncertainty quanti�cation is reasonable in all techniques except for long

distant predictions of UK with linear trend and exponential semivariogram. Although in

unexpected noisy environments the model-based techniques are expected to be ine�cient,

our method outperforms the other techniques in the vast majority of the cases in terms of

prediction and quanti�es reasonably well the uncertainty.

In addition to the evaluation of prediction metrics, the e�ectiveness of nested semivariogram

is illustrated. In Table 3.3, we list the semivariograms as selected by the posterior BIC for

all 9 training datasets and 4 ambient noise pro�le scenarios. Interestingly, in the linear noise

distribution scenario the posterior BIC changes the semivariogram function from spherical

to Mat�ern at the 80% and 90% training datasets. This means that even if we select one

semivariogram model for a speci�c case, there are no guarantees that the same semivariogram

will describe the latent process with updated training datasets. Moreover, we observe in
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Figure 3.12: The top row depicts the trajectories of the SV and the 690-AUV. The light gray
line corresponds to the SV trajectory during the day, the blue line depicts the trajectory
of the SV for the current mission, and the maroon colored line represents the path of the
690-AUV. The bottom row shows the vehicle range and output SNR of the corresponding
mission.

Figure 3.13: TheVirginia Tech 690-AUV used in the �eld trials.

Table 3.3 that all semivariograms are nested for the uniform noise distribution, thus we focus

our attention on this scenario. In Figure 3.11, we compare the MSE and NLPD of the nested

semivariogram with the three candidate semivariograms. Notably, the mean predictions are

identical for single and nested semivariograms. Yet, the uncertainty quanti�cation for nested

functions is consistently better with all training datasets. This advocates that the proposed

technique with nested semivariogram quanti�es more realistically the uncertainty, without

compromising the accuracy.
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Field Trials

The experimental data were collected from �eld trials conducted at Claytor lake near Dublin,

VA in December 2019. A manned surface vehicle (SV) and theVirginia Tech 690-AUV

[86] were used in the �eld trials. The SV is equipped with an omnidirectional acoustic

transducer and a Woods Hole Oceanographic Institute (WHOI) Micromodem-2 [39]. The

AUV (pictured in Figure 3.13), can operate at a depth of 500 meters for up to 24 hours. It is

equipped with a suite of navigational sensors, sidescan sonar, and the WHOI Micromodem-2.

The SV transmitted acoustic packets to the AUV every 10 seconds. The acoustic transmis-

sion each lasted 3:5 seconds and had a carrier frequency off = 25 kHz and bandwidth of

B = 4 kHz. The transponder mounted to the SV was submerged at a depthz1 = 1 m while

the AUV traveled at a depth of z2 = 3:35 m. That is clearly shallow water navigation which

makes the acoustic communication even more challenging. The maximum depth of Claytor

lake is 35 m. We conducted four missions whose trajectories are illustrated in the top row

of Figure 3.12. The SV trajectory throughout the day is shown in light gray, the SV trajec-

tory during each mission is highlighted in blue, and the AUV trajectory is demonstrated in

maroon. In all missions, the AUV traversed identical waypoint paths (waypoints shown in

black circles). The speed of the AUV was constant at 1:6 m/s. The SV was manned-driven

with di�erent path for each mission. The missions were conducted in mild weather condi-

tions with no nearby shipping. Note that the �eld tests were conducted in December, when

no extramural activities take place at the lake. Thus, the only obvious source of ambient

noise was from the SV. The noise arising from the SV was time-varying, as it was driven at

di�erent low speeds. In missions 1 and 2 the SV used the propulsion system to navigate and

traversed longer paths. That is to intentionally create ambient noise. In missions 3 and 4 the

propulsion system of the SV was not used, i.e. the SV was 
oating, which resulted in lower

ambient noise. We used GPS for the SV position, while the AUV position was estimated by
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Figure 3.14: The eMSE and eNLPD metrics for all 5 prediction methods and all missions. In
some cases, the uncertainty reported almost zero uncertainty, which signi�cantly increased
the NLPD values. To emphasize on the low values, we set the upper bound of the NLPD to
be 100.

the AUV's unscented Kalman �lter (UKF).

The SNR measurements were collected by the WHOI Micromodem-2 at the output of the

equalizer. This SNR metric is used in the literature for the evaluation of communication

performance [36, 37, 124]. The disadvantages of the output are: i) averages the SNR for a

communication event; and ii) provides positive rounded numbers|compromising the SNR

measurement accuracy. In the bottom row of Figure 3.12, we present the SNR in blue solid

line, the corresponding vehicle range in green solid line, and the outliers in red squares.

Clearly, there exists a coupling of the range and the SNR. More speci�cally, as the range

increases the SNR reduces. Note that the default value of the WHOI modem to report

output SNR outliers is � 9:99 dB [39], yet we plot them at� 1:00 dB for scaling purposes.

In Table 3.4, we list the statistics of communication events.
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Table 3.4: Output SNR Values for Four-Waypoint Experiments

Mission
Duration Transmitted SNR SNR

Outliers
[s] Signals Occurrence Success

1 475.44 48 54 46 6
2 498.76 50 52 48 4
3 523.64 53 65 48 17
4 538.36 54 68 52 9

Experimental Results

Similarly to Section 3.2.6, we compare �ve prediction techniques. However, the MSE and

NLPD cannot be used, as the true value of the communication performance at the location

of the measurements is unknown during �eld trials; measurements are corrupted by multiple

sources of error. Hence, to proceed with our analysis we refer to the metrics as empirical

MSE (eMSE) and empirical NLPD (eNLPD) accordingly. The eMSE and eNLPD values for

various proportions of data are presented in Figure 3.14. The 40% proportion of data includes

at least 20 measurements for the longest distant prediction, while the 80% proportion of data

corresponds to the shortest distant prediction case. In some cases the predicted values report

almost zero uncertainty, making the eNLPD values very high. At these cases, we consider

that the corresponding method has failed, as uncertainty quanti�cation is a key element

in communication performance prediction. Since we are interested in evaluating low scaled

eNLPD values, we set its upper bound to be 100. In Figure 3.15 the prediction mean and

standard deviation of three techniques: i) OK with exponential semivariogram; ii) UK with

linear trend and exponential semivariogram; and iii) our method are presented. We select

the exponential semivariogram for both OK and UK, because they provide better predictions

in terms of eMSE and eNLPD (see Figure 3.14). The top row of Figure 3.15 corresponds to

40% proportion of data, the middle row to 59%, and the bottom row to 80%.

In mission 1 the high ambient noise a�ects the performance of the UK techniques. Our
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