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Abstract— This paper presents an online kinodynamic motion
planning scheme for dynamically evolving environments, by
employing Q-learning. The methodology addresses the finite
horizon continuous-time optimal control problem with com-
pletely unknown system dynamics. An actor-critic structure
is employed along with a buffer of previous experiences, to
approximate the optimal policy and alleviate the learning signal
requirements. The methodology is equipped with a terminal
state evaluation to achieve fast navigation. The path planning is
assigned to the RRTX. An obstacle augmentation and a local re-
planning strategy are responsible for collision-free navigation.
Rigorous Lyapunov-based proofs are provided to guarantee
closed-loop stability of the equilibrium point. We evaluate the
efficacy of the methodology with simulations.

I. INTRODUCTION

Artificial intelligence has enabled tremendous opportu-
nities on developing autonomous systems. Robotic motion
planning has played a key role in autonomy and robotics. In
practice, the kinodynamic nature of the autonomous systems
imposes more constraints, especially for real-time implemen-
tation. Moreover, the environment may dynamically evolve.
In particular, unpredictable dynamic environments may in-
clude moving obstacles, other autonomous systems, and/or
even human motions. Although optimal motion planning is
desired in autonomous systems, it requires extensive offline
computations that make the problem infeasible. A mandatory
element for the optimal control computation is the model of
the system, which is always challenging to derive. Further-
more, the robots are often equipped with limited energy re-
sources, while on-board data processing and communication
networks consume a large amount of energy, without being
always necessary. Our focus in this work is on providing an
online kinodynamic motion planning strategy for continuous-
time linear systems that operate in unpredictable dynamic
environments, by using deep intermittent Q-learning.

Related Work: A sampling-based path planning algorithm,
namely rapidly-exploring random tree (RRT), is presented
in [1]. This methodology is proved to be probabilistically
complete, yet not optimal. A variation of this methodology
with rewiring of the search tree, the RRT*, is proposed in
[2]. RRT* is a probabilistically complete and asymptotically
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optimal path planning algorithm for static environments.
Recently, another sampling-based algorithm is introduced
in [3], namely RRTX. The latter achieves asymptotically
optimal, sampling-based motion planning and replanning in
dynamic environments, yet requires the dynamics of the
system. The problem of kinodynamic motion planning is
introduced in [4]. The authors approximated a near-optimal
solution in static environments, but this algorithm requires
the system dynamics and excessive offline computations.
Optimal control techniques are also employed in [5] and
the optimality of paths between pairs of states is guaranteed
for controllable linear systems. This approach operates in an
open-loop fashion and incorporates the dynamics of the sys-
tem. Randomized kinodynamic motion planning in dynamic
environments is presented in [6], where a space of admissible
control functions is obtained under kinodynamic constraints.
In [7], the authors proposed an online, machine learning-
based, kinodynamic motion planning algorithm which was
experimentally validated in dynamic indoor environments.
The technique requires perfect knowledge of the system, con-
tinuous communication network, and its feasibility depends
on the offline training of reachability sets.

In realistic systems with limited bandwidth communica-
tion, intermittent control is proved to operate optimally [8].
A user-defined, intermittent triggering condition is respon-
sible for closing the loop whenever is necessary. This is
justified by an equilibrium point stability criterion. A model-
free, intermittent control algorithm for continuous-time linear
systems with infinite horizon performance is discussed in [9].

Experience replay mechanisms are employed in [10] to
reduce non-stationarities and stabilize the reinforcement
learning algorithm. This approach stores data from previous
experiences to alleviate the update process. A similar con-
straint appears in adaptive control techniques [11], where the
learning signal must be persistently exciting (PE) to converge
to ideal parameters. That is a conservative condition, which is
usually difficult to accomplish in realistic systems. In [12],
[13] the authors employ concurrently previous experiences
and current data to relax the PE condition.

Connection between adaptive control [11] and optimal
control [14] can be established by employing the principles
of reinforcement learning [15], [16]. In [17], a Q-learning
approach for solving the model-free, infinite horizon opti-
mal control problem for continuous-time linear systems is
presented. In [18], we proposed the RRT-Q*, a model-free
kinodynamic motion planning algorithm which guarantees
optimal and online navigation in static environments with a
finite horizon performance. In this work, the latter methodol-



ogy is extended to unpredictable dynamic environments with
a controller that operates intermittently.

Contributions: The contribution of this paper is threefold.
First, we formulate an intermittent Q-learning methodology
to solve the finite horizon optimal control problem for
continuous-time linear systems, without any information of
the system dynamics. Next, a stability proof is provided,
based on rigorous Lyapunov-based analysis. Finally, we
incorporate the Q-learning scheme into a path planning algo-
rithm to perform online navigation in dynamic environments.

II. PROBLEM FORMULATION
Consider a continuous-time linear time-invariant system,

z(t) = Az(t) + Bu(t), z(0) ==z0, t >0,

where z(tf) € X C R™ is a measurable state vector, u(t) €
U C R™ is the control input, A € R"*™, B € R"*™ are
the unknown/uncertain plant and input matrices respectively.
We seek to drive the robot from an initial state xq to a final
state x,. Thus, we define the difference between the state
z(t) and the desired state z,, which yields,

Z(t) = AZ(t) + Bu(t), To, t>0. 1)

To conserve resources and sensor computational efforts, a
sampled state is provided by,

(1) = {IE(TJ')

Z(rj41)

 if T € [rj,mi41)
71f t:Tj+17
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where Z(r;) is the state of the flow dynamics, Z(rj41) is
the state of the jump dynamics, and r; a monotonically
. . Ny

increasing sequence of samples {r;} j=1 With T = ry; the
finite horizon. The decision of intermittent control at time
t = rj41 is based on the error gap system that is given by,

e(t) = z(t) — z(t). ®)

A finite horizon cost functional is selected to drive the system
from an initial state to a desired state,

T
J(Zo; uas to, T) = ¢(T) + %/ ZTMZT + ul Ruq dr, 3)
to
where uq(Z;t) is the control input with reduced updates
based on the intermittent rule, ¢(T") := 1/2z7(T)P(T)z(T)
is the terminal cost with a symmetric, positive-definite
final Riccati matrix P(T) € R™™ > 0, and M €
R**™ = 0, R € R™*™ » ( are user-defined matrices
that penalize the state and the control input respectively.
Our objective is to obtain the optimal control wu}(Z;t)
such that J(Zo; u};to, T) < J(ZTo;ua;to,T) is satisfied for
all z,u. Hence, we formulate the minimization problem
J(Zo;uf;to, T) = miny, J(Zo;ua;to,T’) subject to (1).
To this end, a time-triggered control input u.(Z;t) is used
to approximate the optimal, time-triggered value function
V*(Z;t9,T) considering intermittent updates of the control
uq(Z;t), yet without any information of the system dynam-
ics. That is defined by,

T
V*(%;to,T) := min {¢(T) + %/ T'MZT + ul Ruc dT}. 4)

to

Assumption 1: The unknown pair (A, B) is controllable
and the unknown pair (M'/2, A) is detectable. ]

Let the known closed obstacle space be AXy,s C A
For multiple obstacles, the obstacle space is defined by
KXops = vazll Xobs,i, where Vi € N is the total number
of obstacles. Then, the free space is computed by Xpee =
(Xops)t = X\Xops. In dynamic environments, the obstacle
space and the free space may propagate in time. Thus, the
unpredictable variation of the obstacle space is defined by
AXops = f(Xobs; t) where f(-) is unknown.

The output of the RRTX provides a time-varying path
(20,4, Trist) € R2(F%2) for i =1,...,N; and N; € N. In
particular, the path 7 is a collection of sets of initial states
o and final states x,, which may vary in time ¢, as the
obstacle space dynamically evolves in time. The algorithm
constructs a graph G = (V, E), where V is the set of nodes
and FE the set of edges. Furthermore, the augmented obstacle
space is defined by X3 ® = g(Xobs; Drob; t), Where Doy, is
the kinodynamic distance [18]. Since we address the finite
horizon optimal control problem with free final state, the
system will approximate the final state, i.e. converge to the
final state [14]. To reduce the motion planning time, the final
state is assumed to be reached if the system is around a
neighborhood of the final state. Let us define the distance
between the initial state xy and the desired state x, as,

Do(Zo) = ||Zolln, YZo € R™. Q)
During the navigation, we measure the relative distance as,
D(z) = ||Z[ln, VT eR" (6)

The distance error is defined eq(Zg, ) := |Do(Zo) — D(T)].

III. INTERMITTENT OPTIMAL CONTROL PROBLEM

The time-triggered Hamiltonian for the finite horizon
optimal control problem with respect to (1) and (4) is given
by,

_ oV vy  ov*rT ov*
'H(x,uc, ot oz ) = (AZ 4+ Buc) + pr
+ %(ETMEJrulRuC), @)

Since system (1) is linear, the optimal value function results
in V*(z;t) = 1/2z7P(t)Z, where P(t) € R"*™ - 0 is the
symmetric positive-definite Riccati matrix computed by,

— P(t)= P(t)A+ ATP(t)+ M — P(t)BR"'BTP(t). (8)
Therefore, the optimal control yields,

ui(%;t) = —R™'BTP(t)z, VZ, t. )

Next, a sampled version of the controller (9) is utilized to

reduce the communication between system and controller.
The optimal intermittent controller is defined by,

ui(z;t) = —R™'BTP(t)z, Vi, t. (10)

Corollary 1: Since the system (1) is linear and both
controllers in (9), (10) are linear mappings of their state
uf(Z;t) : R® — R™, uf(x;t) : R™ — R™, the following



inequality is derived,
lué —ugll < |IRT'BTP(D)||ll(z - 2)|
< L) lell,
where L(t) — R is a strictly positive function.
Lemma 1: The intermittent Hamiltonian is defined by,
LAV AV avrT ey OV
H{miss G ) = By (4R - PRTBTPON + T
+ %(ETM:E +2"P(t)BR"'BTP(t)z),  (11)

and satisfies the inequality,

_ . oV oV @ o o
(s 5 5 )| < 25200 a2
Proof. Consider the difference between (11) and (7). Sub-

stitute the optimal control (9) and the optimal intermittent
control (10). By using the optimal value function and the
differential Riccati equation (8) we obtain,

ok OV ovE 1o %
#(w s S, ) = Sl —ud) R — ). (1)
Then use Corollary 1 to result in inequality (12). [

Theorem 1: Let a positive-definite radially unbounded
function be V (Z;t) = 1/2z7 P(t)Z with P provided by (8).
If the following error inequality is satisfied,
(1 - B*)AM) A(R)

1
2< L 72+ A
lelPs s 1

22,

()2 A(R)
where 8 € (0,1) is a user-defined scalar characterizing
the available bandwidth, then the equilibrium point of the
closed-loop system (1) with intermittent control (10) is

asymptotically stable for all ¢ € [r;,r;41).
Proof. The proof follows from [19]-(Theorem 1). [}

IV. DEEP INTERMITTENT Q-LEARNING
Let us define the advantage Q-function as,

_ e _ vt av*
Q(l},Ud,UC,t) =V (I)+H($,Ud, ot ) 9% )
L9V v
- H(E T 7 ): (4

where the Hamiltonian associated with the optimal control
vanishes H(Z;ul; 0V*/0t,0V*/0%) = 0 and Q(T;uq;t) :
R™**™ — RY is an action-dependent value.

Lemma 2: The minimization problem QO*(Z;u};t) =
min,,, Q(T;uq;t) given V*(Z;t) yields,

Q" (@i ust) = V' (@) + 5 (ul — ui) R(uZ —u). (19

Proof. Substitute (13) to the Q-function (14). Since
H(Z; ul; OV*/ot,0V* /0T) = 0, the result follows. [ |

The augmented state is defined by U = [T u]]|T. Thus,
the Q-function (14) results in a compact quadratic form,

Qudud
= %Vech(@(t))T(U ®U),

where Qu(t) = P(t) + P(t) + M + P(t)A + ATP(t),
Qxua(t) = Ql(t) = P@)B, and Quuu, = R. By

solving the stationarity condition 0Q(%;uq;t)/0uq = 0

and employing the elements of the compact Q, we formu-
late a model-free optimal sampled controller, u}(Z;t) =

argmin,, Q(7; ua;t) = —Qy L, Quax(t)T.

A. Actor/Critic Structure

We shall use a critic augmented with previous experi-
ences to approximate the Q-function (14), and an actor
to approximate the intermittent control policy (10). Let us
define v(t)TW, := 1/2vech(Q(t)), where v(t) is a bounded
basis function of proper dimensions that depends explicitly
on time t > 0. Since the weight parameters are unknown,
adaptive control techniques are used [11] to find tuning laws
of the current weight values. Hence, the estimated Q-function
yields, A A

QT3 uast) = Wlv(t)(U ®U). (16)

Let us also define the actor that approximates the intermittent
control policy by WTpu(t) = —Q |, Qusx € R™™™, where
wu(t) is a bounded basis function, depending explicitly on
time ¢ > 0. Thus, the estimated intermittent control policy
takes the form of,

aa(®;t) = Wip(t)z. (17)
Using the integral Bellman equation [16] and Lemma 2,
Q" (2(t);a(t);t) =Q" (2(t — At);ag(t — At);t — At)
1 t
2

Q'(#(T), T) =57 (T) P(T)(T).

(Z"Mz + 03" Ray) dr,

B. Relaxed Persistence of Excitation

The next step is to develop a learning framework for the
estimation of Q and 14. To this end, one needs to ensure
that the signal is persistently exciting (PE).

Definition 1: A signal vector A(t) : Rt — R” is said to
be persistently exciting (PE) over the interval [¢,t + Tpg],
where Tpg € R, if there exists a strictly positive constant
v € R* such that v/ < ftHTPE A(T)A(7)Tdr, where [ is
an identity matrix of appropriate dimensions. O

Corollary 2: If the signal vector A(t) is PE, then the
unknown vectors converge exponentially fast (WJTu(t)) —
(WIv)* and (WIu(t)) = (WIp)*.

Proof. The proof follows from [11]-(Corollary 4.3.1). [

Unambiguously, the PE condition is demanding and usu-
ally is not satisfied in real systems. Thus, we employ [12]
to relax the PE condition. The latter utilizes past recorded
data concurrently with current data for learning adaptation.
Equivalently, deep learning employs an experience replay
mechanism [10], thus we name the proposed technique:
deep intermittent Q-learning. In the intermittent Hamiltonian
(7) the unknown elements are the value function and the
dynamics of the system. Past and current data are used to



obtain, 7 ~ (Z(t) — z(t — At))/At, where At € R is a
small time resolution. Using Lemma 2 and (16) yields,

av* aQ (Vs
ov* 9 R
o~ zT? =WIV, (V(t)(U ® U)). (19)

Hence, the intermittent Hamiltonian approximation (7), (11)
by using (18), (19) yields,

~ A 1 M  0|\T

H(U;West) = 5vech( [ 0 R]) (UeU)

+WT (vt (V(t)(U ® U)) () Vs (U ® U)x) (20)

C. Learning Framework

Let us define the critic estimation error ¢, € R as,

ec1(t) = Q(Z(t); da(t); 1)
— O(z(t — Ab); tia(t — At);t — At)

+ % /t_At(f(t)TMf(t) +ta ()" Rita(t)) d7

=Wer(t)

n % / _'At(z(t)TM:f(t) + ia(6)TRia(t)) dr,

T (U(t) QU@ —U(t — A @ U(t — At))

and the second critic error as e (t,7) =
1/2z7(T)P(T)Z(T) — W.(¢t)Tv(®)(U(T) @ U(T)). Next,
the buffer critic error is defined by,
H(U (t); We3 t)

1

= 5 (Ge(te) — aa(t)) R(de(tr) — da(te)),

which by using (20) results in,

evutt i (t, t) = %Vech ([1\04 ](%DT (U(te) @ Ultr))

eputt,k (8, tr) =

LW (V(tk)Vi (U(tk) ® U(tk))% +V, (V(tk)(U(tk) ® U(tk))))

— 3 Gic(t) — ia(61))" RCGic () — ha(0))

The actor approximator error is provided by e, (t,7;11) =

W u(t)z (Tj-i-l) + QududQudX( )Z(rj41), where e, € R™.
Our objective is to drive the errors to zero by tuning the
parameters of the critic (16) and the actor (17). Thus, the
squared-norm of errors are constructed as,

1o 1, i, 1 )
SllectllP+ S llecal®+3 S llevurl?

K\ (W) = 1)
k=1
. 1 9
Ky(W,) = §Hea|| . (22)
where k = 1,..., Nk, V¢ € N is number of data recordings

for the relaxed PE. The learning framework consists of two
tuning laws. A normalized gradient descent technique [11]
is applied in (21) for the critic estimation weights,

IS 0K, B U(t)ecl

We= gy, =~ lavomromr

C
Of€cy

(14 ofo¢)?

w(tk)ebutt, k

2 A wlt) ()

). @

where o(t) == v(t)(U(t)@U(t) —U(t— At) @ U(t — At)),
o =v(T)(U(T)®U(T)), and a. € RT is the critic gain
of the gradient descent. The accumulated term is given by,

(U () @ U(tr)))-

By following (23) the error regulates to zero, e. — 0.

The intermittent controller will be updated whenever an
event occurs, otherwise it will remain constant, keeping its
latest value. By applying gradient descent, the actor weights’
tuning law results in,

Wa=0
W+ W, — —Z___el

Qa (1+zTz)

w(te) = v(te)Va(U(tr) ® U(te))i+Ve(v(te

s %f te [Tj,Tj+1) (24)
5 if t= Ti+1

where the convergence rate is specified by the gain «a, €
R*. The actor tuning law (24) guarantees that e, — 0. The
weighted estimation errors of the critic and the actor are
defined by W, := W.—W, and W, := W, —W, respectively.
Thus, by using (23) and (24) their dynamics yield,

a(t)o(t)"

W = _O‘C((l +a(t)To(t))? + A) We,

if t € [ry,mi41)

Wa=0
Wi =W, —aa (1?32 5 (Wq + Qxu R ) Jif E=rjq,

where A = S0k, a withw(t)™ o,

Fw(tr)Tw(tr))?

D. Impulsive System Structure

Since the controller behaves as an impulsive system with
discrete jumps, the closed-loop dynamics of the system (1)
with the intermittent controllers (10), (17) takes the form of,

T =A% + B(u} — Ga)

=A7 — B(Quuy Quax + WIn(t)) . (25)
The augmented state that captures the flow
dynamics of the system at time t € [rj,7jy1) is
defined by ¢ = [2T 2T vec(W]) vec(WI)|T €

R((ntm)(ntm+1)/2)+2n+nm  \ith time derivative,

Az + B(—Qutuy Quax — W
0,
_ EOLIOM
O‘C(<1+a<t)w<t>>2

nm

A)T @

Similarly, the augmented state for the jump dynam—

ics at time t = rj4; is defined by vt =
[ZtT 27T vec(WT) vec(W;T)|T and its time derivative,
0,
+_ Z(t) — 2(t)
P =(t) + Ot (ntm1),2 ) @7

(W+) = vec(¥;1 + Uy)

with partitioned vector,

U(W,) = vec (—a

zzT
*(14z77)

Theorem 2: Consider the closed-loop system (25) with
critic (16) and actor (17) approximators, tuned by (23) and
(24) respectively. The origin is a globally asymptotically
stable equilibrium point of the closed-loop system with state

(Wa + qudR_l)> . (28)



1 for all initial conditions (0), if the following,

(1= AOAM) [P +AR) [dal® AM) _ 2L, ()°
AL+ Li(H))XR) AR C

and the actor and critic gain inequalities hold,

[le]|<

0<aa< M; e > aa; acA(Z) > 0. (29)
A(R) + 2
Proof. See the Appendix. [ ]

V. MOTION PLANNING FRAMEWORK

The motion planning structure comprises of four stages:
1) dynamic planning; ii) Q-learning; iii) terminal state eval-
uation; and iv) obstacle augmentation, as shown in Fig. 1.

Dynamic Planning: The RRT* contains not only the sub-
tree, but also the search-graph of the initial planning process.
In this way, the algorithm can reuse the search-graph for a
rewiring cascade whenever the environment changes. Conse-
quently, information is transferred rapidly throughout the tree
in the modified environment. Moreover, RRT* maintains an
e-consistent graph, which guarantees the quality of existing
paths and allows for quick replanning. The neighborhood
size at each node remains constant by selecting neighbors to
maintain the runtime at each iteration.

Obstacle Augmentation: Since the model of the system is
unknown, it is assumed that the robot traverses straight paths
for the RRT® algorithm. In addition, optimality in terms of
path planning usually indicates narrow distance between the
obstacles and the path. In our case, kinodynamic constraints
(1) as well as the optimal performance (3) result in traversing
curved paths. Thus, there exists a deviation from the assumed
straight-line path and the actual motion of the robot. These
two factors may result in unsafe navigation and even colli-
sions. To address this problem, we introduce the concept of
kinodynamic distance and follow an obstacle augmentation
strategy [18], [20]. Therefore, instead of considering the
original shape of the obstacles, their augmented shape is
taken into account. Whenever new obstacles are detected,
the obstacle augmentation precedes the replanning process
to avoid collision.

QO-Learning: At every pair of waypoints (zg,xz,) of the
planned path 7, the proposed control law (17) is implemented
to drive the system. The control scheme is realized by
constantly evaluating the error gap (2). Whenever the bound
of Theorem 2 is exceeded, the intermittent condition is
activated to close the loop and update the controller. For
the new controller, the critic is used to assess the policy,
and the actor to perform the policy update. The critic
approximates the Q-function according to (16), where W,
are the critic parameters that can be computed online by (23).
The buffer stores past experiences and assists the excitation
of the learning signal. The process terminates as soon as the
matrix [w(ty1),...,w(tN, )] becomes full rank [13]. The actor
approximates the control policy according to (17), where Wa
are the actor parameters following the tuning law (24).

Terminal State Evaluation: A distance metric is employed
to evaluate the terminal condition. At every At we compute
the initial distance Dy (5) and the relative distance D (6).

Dynamic Planning
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Fig. 1. The motion planning structure consists of four stages.

When the distance error drops below an admissible portion
of the initial distance eq > pDy, where p € (0,1), then the
algorithm assigns the current state as the new initial state
Z0,s+1 = z(t) and proceeds to the next pair of waypoints.

VI. SIMULATIONS AND RESULTS

We consider the system in [18] with plant and input
matrices,

0 0 1 0 0 0
0 0 0 1 0 0

A=1_5 0o —1125 o |© P=los o
0 -5 0  —1.125 0 025

with x = [21 y1 &1 y1] the state. The translations denoted 1,
y1, the velocities 1, 31, the accelerations 1, ¢1. The inputs
are forces denoted fi, fo. We set the finite horizon T' =
10 s and the admissible window p = 0.9. The user-defined
matrices are M = 151, and R = 0.55],. To ensure positive
values for the actor gain a, > 0, the matrix R is lower
bounded by A(R) > 0.25 (29). Next, we set P(T) = 0.514,
B = 0.6, and L = 30. We select the rest parameters based

on Theorem 2, L1 = 0.9{(84/A(M)/X(R))/2} = 2.82,

ae =90, and o, = 0.25{(8A(R) — 4)/(A(R) +2)} = 0.01.
The simulation results of the proposed method are pre-

sented in Fig. 2 and a demonstrating video in the URL:

https://youtu.be/Sxu04gSdsEA

The unpredictable dynamic environment consists of obstacles
that appear, vanish, or stay fixed. Moreover, the obstacles are
augmented based on the kinodynamic distance to guarantee
collision-free planning. The initial shape of the obstacles
is illustrated by blue polygons and their augmentation by
the magenta around them. The traversed path of the robot
is illustrated with a red solid line and the RRT* path
with a white line. The start state is located at (—40,40)
and the goal state at (0,—40). The robot moves toward
the red location, which indicates the current terminal state.
The colored background represent the cost-to-go from every
location to the final goal. The methodology provides a safe
motion planning framework that operates in real-time with
reduced computations and limited communication. The robot
successfully avoids the obstacles throughout the navigation
for all 41 pairs of waypoints.


https://youtu.be/Sxu04gSdsEA

Current Kinodynamic bisténce
Maximum Kinodynamic Distance

Maximum Kinodynamic Distance
Current Kinodynamic Distance

Current Cost-to-go Current Cost-to-go ‘

Maximum Kinodynamic Distance

Current Kinodynamic Distance

Maximum Kinodynamic Distance
Current Kinédynamic Distance

R L n ] | -
Current Cost-to-go

Currént Cost-to-go

Fig. 2. Various time frames of the robot’s collision-free navigation in an unpredictable dynamic environment.

VII. CONCLUSION

This paper proposed a real-time motion planning frame-
work in unpredictable dynamic environments with intermit-
tent Q-learning. The robot performed safe navigation with no
collision. The methodology does not require the conservative
PE condition and operates intermittently, which conserves
computational and communication efforts.
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APPENDIX

Proof of Theorem 2. First we consider the flow dynamics
(26) and we define the Lyapunov function,

. */ 2 1, | ——
L(st) = Vi (@51) + VI (@50) + 5 [WelP+5u{WIWa}, (30)

where £ > 0 for all t > 0, and v is the augmented state.
The time derivative for the closed-loop system of (30) is
partitioned to, £ =T} + T + T5 + T with,

1 _;

T = 527 P(1)7 + 27 P(1)(AZ + Bia), G

Ty = —aWIEW,, (32)

oo’

where = = teor T A. The parts 75 = 0 and Ty = 0
vanish, as they are updated only at every jump and remain
constant the rest time. Then, from (32) the upper bound
results in, ~

Ts < —acA(®)|Wel.

Next, by substituting (8) to (31),

(33)

Ty =~ L7 (P)A+ ATP() + M — POBR™BP())z

+ 2" P(t)Az + 2" P(t)Blia
= —%iTM:E —ulTRig + %uzTRuZ (34)
1 B R - ~ B N
< =5 QMNP AR [[al*) = MR W ()7 + W (el

Since the actor weights remain constant, then HWaTQu(t)HS
L (t). By adding in both sides 1/23%X\(M)|z||?, using
Young’s inequality, and Assumption 1, the (34) takes the
form of,

A(M)||z)*

T < — 2 (8200 - 2L (0 X(R)) JallP~ 5 (1 - 5°)

£ (L + L@ MR elP AR > (39



If the following inequality is satisfied, Since the signals of the compact set {2 are asymptotically
(1 = BOAM)||Z|2+A(R) |22 stable, then the set becomes a single point (vanishes) and

4L+ Li)HNR) thus |[W,||— 0. d
and A(M)/X(R) > 2L (t)?/% hold, then (35) yields,

7 < —5 (#2200 2L OB ) lal®. 66

2
lelI<

Given both upper bounds (33), (36), then £(1;¢) is non-
positive for all 1) and ¢ > t(. Define Wy (¢;t) = Wa(e);t) =
V(@ t) + 1/2[[Wel|*> 0 to get Wi(yh;t) < L(ys5t) <
W (15 t). Hence, according to the Lyapunov stability theo-
rem, the origin 1), = 0 is uniformly stable. Provided £(1); 1)
is lower-bounded, non-increasjng, and its time derivative,
comprising of (33) and (36), L(1);t) = T} + T3 is bounded,
then the L(1;t) (30) is uniformly continuous. Thus, Bar-
balat’s lemma is satisfied, £(1);t) — 0 as ¢ — oo. Since
L(w;t) > 0 is positive definite, asymptotic stability holds
from the Lyapunov stability theorem. Next, Wi(v;t) is
radially unbounded wrt ||Z||, ||We||, and hence globally
properties hold. Thus, the equilibrium point at the origin
1o = 0 is globally uniformly asymptotically stable [21].

We continue with the jump dynamics (27) comprising of
the sampled states and the actor policy updates. Define the
Lyapunov function for the jump dynamics as,

Aﬁ(w, t) =AVy (i‘ ,f(rj+1); t) + AV,

+ AW, We(rj41)) + AV 37
where AL > 0. Note that both Z and W, are defined
continuously without jumps at the intermittent events. Thus,
they both AV, = AV3 = 0 vanish from the jump dynamics.
Since during the jump T = Z(r;41)T, then AV; yields,
AV = VH(&") =V (#(rjs1)) =V (@(rj+1) ") = V7 (@(rj+1))

< = K(@(rj41); )12 (rjs1) |,

where r(z(rj;1);t) is of a class K function wrt Z(rj41)
[21]. Hence, the sampled state converges asymptotically to
the origin, ||§:(rj+1)||—> 0. By employing the partitioned
vector (28), the last term of the Lyapunov function AL (37)
becomes,

1 - - -
AV, = g<tr{WJ\Ill} e { W) + tr{UTW,) + tr{ 0T, }
e {UTWL ) + tr{UTWa} + tr{ Wl } + tr{\p;%}). (38)

Next, by using Young’s inequality, (38) takes the form of,

Qg I

~ l+an @a 1+ aa
AV SHWJx(Tm)HZ(l - )+

ANR) 8/ AX(R)

+ Xu, 39

T Qenal” (39)

Then, the inequality AV, < 0 is satisfied if
W, in (39) remains into the compact set Q =

14apy
~ ~ |@xug 12+ | @xuy 12
Wa € R | [ W< 4 [ 2R s e

aN(R) 8
Note that another constraint arises from the denominator of
the inequality which defines the compact set € as,

2(4X(R) — 1)
AR)+2

0<ay <
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