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ABSTRACT In this paper, we propose scalable methods for Gaussian process (GP) prediction in
decentralized multi-agent systems. Multiple aggregation techniques for GP prediction are decentralized with
the use of iterative and consensus methods. Moreover, we introduce a covariance-based nearest neighbor
selection strategy that leverages cross-covariance similarity, enabling subsets of agents to make accurate
predictions. The proposed decentralized schemes preserve the consistency properties of their centralized
counterparts, while adhering to federated learning principles by restricting raw data exchange between
agents. We validate the efficacy of the proposed decentralized algorithms with numerical experiments on
real-world sea surface temperature and ground elevation map datasets across multiple fleet sizes.

INDEX TERMS Federated learning, Gaussian processes, multi-agent systems, nearest neighbor methods,
prediction algorithms.

I. INTRODUCTION

MULTI-AGENT learning has received significant at-
tention in recent years, driven by the capability to

simultaneously gather observations from remote locations.
In addition, local agents enhance resource efficiency, as they
are equipped with limited computation and communication
resources. Remote data acquisition facilitates the formation
of large datasets that enable reliable and robust learning of
latent fields. Thus, teams of agents are favored for learning
due to their ability to rapidly generate large datasets. In
typical multi agent-systems, central clusters collect large
datasets from local nodes and process the information.
However, centralizing the collection of data involves the
transmission of sensitive information from all agents, which
conflicts with the EU/UK general data protection regulation
(GDPR) [1]. To overcome information sharing limitations,
federated learning (FL) methodologies enable multiple enti-
ties to collaboratively learn a shared model of a latent field
with no data exchange [2]. Although FL methods are pri-
marily designed for implementation in centralized networks,
autonomous systems and edge devices favor decentralized

communication networks due to the limited computation and
communication capabilities of local nodes [3].

Our objective in this work is to formulate decentralized
methodologies for Gaussian process (GP) prediction with
reduced computations and limited inter-agent information
exchange. We develop several decentralized approximate
methods to perform GP prediction with aggregation of GP
experts [4], using iterative methods and consensus protocols
[5]–[7]. In addition, we introduce a covariance-based nearest
neighbor selection technique that identifies statistically cor-
related agents to participate in GP prediction. The proposed
methods are illustrated in Figure 1. An exploration task is
assigned to a team of agents operating in a decentralized
communication network. Each agent collects data from the
unknown field and maintains a local dataset. The proposed
decentralized GP prediction method (middle row in Figure 1)
involves three steps: i) making predictions based on local
datasets; ii) communication among all agents to aggregate
local predictions; and iii) reaching consensus among all
agents on a global prediction. The covariance-based nearest
neighbor GP prediction method (bottom row in Figure 1)
comprises of five steps: i) making predictions based on local
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FIGURE 1. A covariance-based nearest neighbor GP prediction method in decentralized teams using federated learning. While we demonstrate an
unknown spatial field for exploration, our methodologies are adaptable to higher input dimensions D > 2. Local datasets are depicted as colored
circles, each corresponding to the color of the respective agent. Federated learning is facilitated with the constraint on data communication between
agents.

datasets; ii) communication among all agents to identify
the covariance-based nearest neighbors; iii) communication
among covariance-based nearest neighbors to aggregate local
predictions; iv) reaching consensus among covariance-based
nearest neighbors on a global prediction; v) broadcasting of
global prediction to excluded agents.

Gaussian Processes [8], [9] have shown notable success
in learning latent fields for numerous applications includ-
ing environmental monitoring [10], search and rescue [11],
rehabilitation [12], and multi-agent missions [13]–[25]. The
main disadvantage of GPs is the poor scalability with large
datasets. In particular, GPs entail O(N3) computations for
training and O(N2) computations for prediction, where N
represents the dataset size. For multi-robot systems, GP
implementation becomes infeasible due to limited computa-
tional resources available across multiple robots. In addition,
even if all data are centralized, the slow execution of GPs
hinders real-time decision making in field robots. Besides
computational limitations in multi-agent systems, GPs re-
quire high communication overhead for both centralized

and decentralized network topologies [3]. This may lead to
network congestion, information loss, and security issues.
Consequently, multiple approximation methods have been
discussed in the literature for scalable execution of GPs that
are surveyed in [4]. These methods consists of two major
research directions for GP approximations based on global
and local techniques.

Global approximation techniques employ sparse datasets
Nsub either by introducing pseudo-inputs or by selecting a
subset of the full dataset [26]–[28]. The selected subset is
considered to be significantly smaller than the full dataset
Nsub ≪ N and thus leads to lower computations. Sparse GPs
are attractive for modeling spatial fields with mobile sensor
networks [29]. Chen et al. [14] employed sparse methods for
traffic prediction. The authors in [13] truncated the dataset to
perform spatiotemporal modeling with GPs. Global methods
require the communication of the full dataset which increases
significantly the inter-agent communications. Moreover, the
interpolation property is violated with pseudo-inputs as they
are not true observations.
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The local GP approximation methods are centralized ap-
proaches with a server-client structure. The main idea is
to aggregate local sub-models produced by local subsets
of the observations [30]–[33]. In other words, every sub-
model makes a local prediction, and then the central node
aggregates to a single prediction. It is proved in [34, Propo-
sition 1] that the local methods [30]–[32] are inconsistent,
i.e. as the observation size grows to infinity, the aggregated
predictions do not converge to the true values. Although
[33] is consistent in terms of prediction mean, it produces
overconfident prediction variances [35, Proposition 1]. Sub-
sequently, the authors in [36] proposed the nested point-
wise aggregation of experts (NPAE) that takes into account
the covariance between sub-models and produces consistent
predictions. The price to achieve consistency in NPAE comes
with much higher computational complexity in the central
node. Liu et al. [35] introduced a computationally efficient
and consistent methodology, termed as generalized robust
Bayesian committee machine (grBCM). The latter entails
additional communication between agents to enrich local
datasets with a global random dataset. In addition, both
NPAE and grBCM are centralized techniques—not well-
suited for multi-agent systems [37].

Gaussian process training is crucial for ensuring the va-
lidity of the GP model used in GP prediction [38, Chapter
3]. Distributed GP training often relies on the assumption
of independence, where each local dataset is considered
statistically independent. Most existing methods are focused
on centralized networks [32], [35]. Since the maximum
likelihood estimation problem for multi-agent systems yields
a distributed optimization problem, the Alternating Direction
Method of Multipliers (ADMM) [39] is commonly used in
the literature[40], [41]. Recently, we extended distributed GP
training to decentralized networks, applicable for both small
and medium fleet sizes [24] as well as large networks [42].
However, the focus of this paper is on distributed GP
prediction for decentralized multi-agent systems that follows
the estimation of the hyperparameters through GP training.

A decentralized method for the computation of spatio-
temporal GP predictions is proposed in [43]. In [44], a
decentralized technique for spatial GP prediction with local-
ization uncertainty is presented. Both [43] and [44] employ
the Jacobi over-relaxation (JOR), which requires a complete
graph topology, i.e. every node must communicate to every
other node. That is a conservative network topology and is
not common in multi-agent systems [37]. For non-complete
topologies, JOR entails flooding before every iteration. In
flooding, each agent broadcasts all input packets to its
neighbors [45]. Thus, the communication requirements of
JOR are high. Pillonetto et al. [16] proposed sub-optimal
methods to distributively predict a latent function by employ-
ing orthonormal eigenfunctions, computed by the Karhunen-
Loève expansion of a GP kernel. An extension of this work
to multi-robot systems with online information gathering is
discussed in [46]. This is a promising line of research for GPs

in decentralized networks, but our focus is on decentralized
and scalable GP prediction with aggregation methods. Nev-
ertheless, computing orthonormal eigenfunctions in closed-
form is not feasible for all kernels and may yield significant
storage requirements.

Recently, nearest neighbor methods for GP prediction
have attracted attention in the literature [47]–[52]. In [53],
the authors proposed a methodology that combines nearest
neighbors and local approximation for GP prediction. How-
ever, arbitrary selection of nearest neighbors may lead to
poor approximations [48] and suffers from prediction dis-
continuities [36]. In [48], [49], the authors propose a nearest
neighbor Gaussian process (NNGP) approximation by em-
ploying sparse precision matrices for spatiotemporal fields.
An extension of NNGP with stochastic variational inference
is introduced in [50], where inducing inputs are utilized to
perform a low-rank approximation of the covariance matrix.
In [51], the authors apply the normal inverse Wishart distri-
bution as a prior for non-isotropic nearest neighbor Gaussian
process prediction. However, these methods typically require
a central entity or a complete graph topology, which is
often impractical for multi-agent systems [3]. In contrast,
our work focuses on Gaussian processes for decentralized
teams, where nearest neighbors are selected based on a cross-
covariance similarity metric.

A module-driven GP prediction method is discussed
in [54], where sparse GP methods are employed within
local modules. This approach yields independent posterior
distributions through variational inference by using large-
dimensional integral operators. However, variational infer-
ence performs poorly for non-smooth latent fields and re-
quires a high number of pseudo-inputs [55]. Patchwork
Kriging (PK) [56] is a consistent GP predeiction method that
requires central knowledge of the entire dataset to partition
the global dataset to independent local regions. Local GPs
are trained independently in each region and PK aggregates
the local GP models by enforcing continuity across region
boundaries. Our focus is on federated learning with no cen-
tral access to the entire global dataset. In addition, PK solves
the inverse problem of decentralized multi-agent systems
where local datasets are assigned to agents after partitioning
the area. In [57], the authors provide convergence bounds for
a federated GP method that uses an aggregation technique
and stochastic gradient descent. Unlike our approach, these
federated GP methods depend on a centralized network
topology for aggregation. Our focus is on federated GP
prediction for decentralized multi-agent systems.

To facilitate a high-level comparison, we evaluate methods
across five key criteria in Table 1 consisting of: (1) Distri-
bution type (centralized, decentralized, or non-distributed),
capturing whether computation and data remain local or rely
on a central server; (2) Network topology requirements (con-
nected versus complete), which specify the communication
structure necessary for prediction; (3) Prediction consistency,
assessing whether a method produces asymptotically consis-
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TABLE 1. Time, Space, and Communication Complexity for Centralized GP Aggregated Prediction

Method Distribution Network Consistency Communication Federated

PoE [31] Centralized Connected Inconsistent Whole Non-federated
gPoE [33] Centralized Connected Inconsistent Whole Non-federated
BCM [30] Centralized Connected Inconsistent Whole Non-federated
rBCM [32] Centralized Connected Inconsistent Whole Non-federated
grBCM [35] Centralized Connected Consistent Whole Non-federated
NPAE [36] Centralized Connected Consistent Whole Non-federated
SVGP [28] Non-distributed Single agent Inconsistent N/A N/A
NNGP [48] Centralized Connected Consistent NN Non-federated
PK [56] Centralized Connected Consistent Whole Non-federated

DEC-(NN)-NPAE [58] Decentralized
Complete – DEC-NPAE

Consistent (NN)-variant Federated
Connected – DEC-NN-NPAE

DEC-NPAE⋆ Decentralized Complete Consistent Whole Federated
DEC-(NN)-(g)PoE Decentralized Connected Inconsistent (NN)-variants Federated

DEC-(NN)-(gr)(r)BCM Decentralized Connected
Consistent –

(NN)-variants
Federated –

DEC-(NN)-grBCM DEC-(NN)-(r)BCM

DEC-(NN)-(g)PoE refers to: DEC-PoE, DEC-gPoE, DEC-NN-PoE, and DEC-NN-gPoE. Similarly, DEC-(NN)-(gr)(r)BCM denotes six methods.

tent estimates; (4) Communication pattern (nearest-neighbor
versus whole-network), reflecting the scalability of infor-
mation exchange; and (5) Federation capability, indicating
whether methods can operate in a federated setting without
raw data aggregation. The proposed algorithms (brown font)
and our previous work [58] are the only methods that can be
employed in decentralized multi-agent systems and promote
federated learning.

The contribution of this paper is threefold. First, we
introduce a covariance-based nearest neighbor (CBNN) tech-
nique that selects statistically correlated agents based on
a cross-covariance similarity metric for GP prediction and
provide a consistency proof. The CBNN is applicable to
the decentralized versions of PoE, gPoE, BCM, rBCM,
and grBCM. Moreover, CBNN allows the use of a dis-
tributed algorithm for solving systems of linear equations
(DALE) [7], [59] which replaces JOR in the decentralized
NPAE and relaxes the graph topology requirements from
complete to connected. Second, we decentralize the imple-
mentation of several aggregation of GP experts methods
including PoE [31], gPoE [33], BCM [30], rBCM [32], and
grBCM [35], for connected graph topologies. Lastly, we
decentralize the implementation of NPAE [36] for complete
graph topologies, by combining Jacobi over-relaxation (JOR)
[5, Chapter 2.4] with DAC. In addition, we introduce a
technique to recover the optimal relaxation factor of JOR
[60] for complete graph topologies by using the power
method (PM) [61, Chapter 8] ensuring faster convergence.

Two of the thirteen methods discussed in this work (DEC-
NPAE and DEC-NN-NPAE) were originally introduced in
our prior work [58], but we report them here for complete-
ness. In this paper, we significantly extend and improve
upon those initial methods. The newly proposed approaches
consistently outperform DEC-NPAE and DEC-NN-NPAE in

prediction accuracy, uncertainty quantification, as well as
communication and computation efficiency. The distinction
between the earlier DEC-NPAE and the new DEC-NPAE⋆

is illustrated in Figure 3, where we now distributively
estimate the optimal relaxation factor; their comparative
performance is presented in Figure 10. For DEC-NN-NPAE,
Table 6 qualitatively demonstrates that all newly proposed
methods achieve superior results across accuracy, uncertainty
quantification, and efficiency. In addition, we provide the
complete proof of Lemma 6 (cf. [58, Proposition 3]) and a
detailed complexity analysis covering both existing central-
ized methods and all proposed decentralized methods for GP
prediction. These methods are also fully documented in the
corresponding PhD dissertation [62] and arXiv preprint [63],
which serve as technical reports including both GP train-
ing [42] and prediction.

The remainder of this paper is organized as follows. In
Section II we discuss centralized GP prediction methods and
formulate the problem. Section IV introduces the decentral-
ized GP prediction methods and Section V the covariance-
based nearest neighbors. Section VI provides numerical
experiments and results, Section VII discusses the underlying
assumptions, and Section VIII concludes the paper.

II. Preliminaries and Problem Statement
In this section, we introduce algebraic graph theory, discuss
GP regression, overview existing centralized methods, and
state the problem of decentralized GP prediction.

A. Foundations
The notation here is standard. We denote the set of all
non-negative real numbers R≥0 and the identity matrix of
dimension n × n by In. The s-th iteration of an update
law is denoted by a superscript in parenthesis y(s). We
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denote the cardinality of the set K by card(K), the L2

norm by ∥·∥2, and the infinity norm by ∥·∥∞. The maximum
and minimum eigenvalue of matrix A is denoted λ(A) and
λ(A) respectively. A vector x ∈ RN can be expressed as
{xi}Ni=1. The communication complexity O(·) represents the
total number of transmitted bits throughout an algorithm [37,
Chapter 3]. Time and space complexity are denoted O(·), and
indicate the maximum number of computations required and
maximum space needed at any point during the algorithm
respectively. The complexities are evaluated based on the
the total number of observations N , the input dimension D,
and the size of the team M . Moreover, send represents the
maximum number of iterations needed for an algorithm to
reach convergence.

Let a team consist of M agents, each capable of perform-
ing local computations. The network is represented by a set
of nodes V = 1, . . . ,M and a set of edges E ⊆ V × V
in an undirected graph G = (V, E). The nodes correspond
to agents and the edges represent the communication links
between them. In an undirected graph, edges between nodes
are bidirectional. The neighborhood set of the i-th node is
described by Ni = {j ∈ V | (i, j) ∈ E}. The adjacency
matrix is denoted A = [aij ] ∈ RM×M , where aij = 1
if (i, j) ∈ E and aij = 0 otherwise. The degree matrix
is denoted D = [dij ] ∈ RM×M with dii =

∑M
j=1 aij .

Let us define the graph Laplacian as L := D − A. The
maximum number of neighbors in the graph G is called
maximum degree ∆ = maxi{

∑
j ̸=i aij}. We employ the

Perron matrix P := IM −ϵL, where ϵ ∈ (0, 1]. The diameter
of a graph G is denoted diam(G) and represents the shortest
distance between any nodes.

Assumption 1. A graph G is connected if for every pair of
distinct agents (vi, vj) there exists a path.

Graph connectivity can significantly affect the behavior
of algorithms, ranging from a one-hop line graph (most
parsimonious topology) to a complete graph (most connected
topology). In a one-hop line graph, every agent i can
communicate only with its one-hop neighbors, i.e., ∆ = 2,
and any link failure results in network disconnection. In
contrast, in a complete graph, every agent i is connected with
every other agent j ̸= i, i.e., ∆ = M − 1, and a link failure
does not necessarily compromise connectivity. To capture
intermediate scenarios, we also consider a two-hop line
graph, where each agent communicates with its two nearest
neighbors on either side, i.e., ∆ = 4, and the Erdős-Rényi
random graph, where edges are formed probabilistically with
parameter p, providing a flexible model of sparse but con-
nected networks. In this paper, the line graph is used as the
most parsimonious connected topology, serving as a lower
bound for the performance of the proposed algorithms, while
the two-hop and Erdős-Rényi graphs demonstrate improved
communication efficiency and execution time under stronger
connectivity.

B. Gaussian Processes
Let a model observation that follows,

y(x) = f(x) + ϵ, (1)

where x ∈ RD represents the input location with D being
the dimension of the input space, f(x) ∼ GP(0, k(x,x′))
follows a zero-mean GP with covariance function k : RD ×
RD → R. The term ϵ ∼ N (0, σ2

ϵ ) represents independent
and identically distributed (i.i.d.) measurement noise with
variance σ2

ϵ > 0. To formulate the covariance matrix we use
the separable squared exponential covariance function,

k(x,x′) = σ2
f exp

{
−1

2

D∑
d=1

(xd − x′
d)

2

l2d

}
, (2)

where ld > 0 is the length-scale hyperparameter at the
corresponding d-th direction to the input space and σ2

f > 0
is the signal variance. The objective of GPs is to infer an
unknown function f based on the given data D = {X,y},
where X = {xn}Nn=1 represents the input points and
y = {yn}Nn=1 the corresponding outputs, with N being the
total number of observations.

1) Training
The goal of GP training is to estimate hyperparameters of the
covariance function θ = (l1, . . . , lD, σf , σϵ)

⊺ ∈ Θ ⊂ RD+2.
The log-likelihood takes the form of,

L = log p(y | X) = −1

2

(
y⊺C−1

θ y + log|Cθ|+N log 2π
)
,

where Cθ = K+σ2
ϵ IN ≻ 0 ∈ RN×N is the covariance and

K = k(X,X) ⪰ 0 ∈ RN×N the correlation matrix.

2) Prediction
After estimating the hyperparameters θ̂, the predictive distri-
bution of the unknown location x∗ ∈ RD conditioned on the
data, p(y∗ | D,x∗) ∼ N (µ(x∗), σ

2(x∗)) is characterized by
the prediction mean and variance,

µfull(x∗) = k⊺
∗C

−1
θ y, (3)

σ2
full(x∗) = k∗∗ − k⊺

∗C
−1
θ k∗, (4)

where k∗∗ = k(x∗,x∗) ∈ R and k∗ = k(X,x∗) ∈ RN .

3) Complexity
After estimating the hyperparameters in the GP training, we
store the covariance inverse C−1

θ as well as the dataset D,
which requires O(N2+DN) space. For agents with limited
memory RAM capacity, space complexity is more restrictive
than time complexity. The prediction mean (3) and variance
(4) entail O(N) and O(N2) computations respectively.

C. Problem Formulation
Consider a team of M agents, each capable of performing
local computations. Each agent i collects observations and
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maintains its own local dataset {Di = {Xi,yi}}Mi=1. The
global dataset is the union of all local datasets D = ∪M

i=1Di.
To enable federated learning, the communication of local
datasets Di between agents is restricted. In practice, even if
all agents had access to the global dataset D, the compu-
tational complexity of GPs (Section 3) becomes prohibitive
when the global dataset D is large. Furthermore, in case
we adopt a centralized network topology where each agent i
transmits its local dataset Di to a central server, several issues
arise. These include concerns over security and robustness,
traffic network congestion; and privacy [42]. In addition,
in autonomous vehicles and teams of robots, agents may
encounter communication range limitations due their dis-
tance. With these challenges in mind, we make the following
assumptions.

Assumption 2. Each agent i communicates information to
its one-hop neighbors j ∈ Ni without sharing raw data.

Assumption 3. Every agent i can develop a local sub-model
Mi from its local dataset Di that is statistically independent.

Assumption 3 is common in distributed optimization [64],
[65]. In particular, the global marginal likelihood is approx-
imated as the product of local marginal likelihoods that
yields,

p(y | X) ≈
M∏
i=1

pi(yi | Xi), (5)

where the local marginal likelihood of agent i is represented
by pi(yi | Xi) ∼ N (0,Cθ,i) with local covariance matrix
Cθ,i = Ki + σ2

ϵ INi and Ki = k(Xi,Xi) ∈ RNi×Ni .
Assumption 3 and (5), imply the approximation of the
inverse covariance matrix with the inverse of local block
diagonal covariances C−1

θ ≈ diag{C−1
θ,1,C

−1
θ,2, . . . ,C

−1
θ,M}.

Provided the hyperparameters θ̂, aggregation of GP experts
perform joint predictions with local data. Each local agent
develops a local GP model Mi using its local dataset Di.
Joint prediction is performed by sharing the local GP models
pi(y∗ | Di,xi) ∼ GP(µi(xi), σ

2
i (xi)) that are characterized

by a local mean and variance,

µi(x∗) = k⊺
∗,iC

−1
θ,iyi, (6)

σ2
i (x∗) = k∗∗ − k⊺

∗,iC
−1
θ,ik∗,i, (7)

where k∗,i = k(x∗,Xi) ∈ RNi .

Definition 1. [36] An aggregate GP method with joint
prediction mean µA, variance σ2

A, full GP prediction mean
µfull, and variance σ2

full is consistent if,

lim
N→∞

µfull(x∗)− µA(x∗) → 0, ∀x∗,

lim
N→∞

σ2
full(x∗)− σ2

A(x∗) → 0, ∀x∗,

where subscript A denotes then aggregation method.

Definition 1 implies that as the dataset size tends to
infinity, the aggregated prediction mean and variance are
identical to the prediction mean and variance of full GP (3).

Problem 1. Implement GP prediction in a one-hop decen-
tralized network of agents (Assumption 1), where the agents
can be grouped into subteams of neighboring units with
limited computations and communication (Assumption 1, 2).
Provide formal proofs for the proposed decentralized meth-
ods, demonstrating that they maintain the consistency prop-
erties (Definition 1) of centralized topologies.

The primary focus of Problem 1 is on the implemen-
tation of GP prediction in decentralized teams of agents.
We impose the one-hop line graph topology to provide
a lower bound for the proposed methods. By analyzing
the worst case scenario in terms of network connectivity,
we anticipate our methods to perform more efficiently in
topologies with higher connectivity. Problem 1 addresses a
broad range of applications, from no data exchange to enable
federated learning, to partial data exchange that scale to
larger networks. In addition, Problem 1 involves the joint
prediction with subteams of agents, allowing the formulation
of covariance-based nearest neighbors. To this end, we aim
to reduce the communication from distant entities with
insignificant statistic correlation.

III. Existing Centralized GP Prediction
In this section, we discuss existing centralized GP prediction
methods: product of experts (PoE) [31], generalized PoE
(gPoE) [33], Bayesian Committee Machine (BCM) [30],
robust BCM (rBCM) [32], generalized robust BCM (gr-
BCM) [35], and nested pointwise aggregation of experts
(NPAE) [34], [36].

A. Product of Experts (PoE) Family
After computing the local mean (6) and variance (7), the
joint mean and precision of PoE and gPoE yields,

µ(g)PoE(x∗) = σ2
(g)PoE(x∗)

M∑
i=1

βiσ
−2
i (x∗)µi(x∗), (8)

σ−2
(g)PoE(x∗) =

M∑
i=1

βiσ
−2
i (x∗), (9)

where βi = 1 for PoE, and βi = 1/M for gPoE. The
original gPoE [33] considers weight βi to be the difference in
differential entropy, but it limits the computational graph to
have a single layer. To allow multiple layer GP aggregation,
an average weight βi is proposed in [32]. It is empirically
observed that for a disjoint partition of local datasets Di,
both PoE and gPoE produce inconsistent predictions.

Proposition 1. [35, Proposition 1] For a disjoint partition
of local datasets Di, the constant weight of PoE results in
overconfident joint variance as the number of observations
N tends to infinity, i.e. limN→∞ σ2

PoE(x∗) → 0. The average
weight of gPoE produces a conservative, yet finite joint
variance as the number of observations N tends to infinity,
i.e. σ2

full < limN→∞ σ2
gPoE(x∗) < σ2

∗∗, where σ2
full is the

target variance of a full GP and σ2
∗∗ the prior variance.
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Proposition 2. [Appendix A] The PoE and gPoE make
identical mean predictions (8).

The local time computational complexity of both PoE
and gPoE is governed by the local variance (7), that is
O(N2

i ) = O(N2/M2) for the multiplication of the quadratic
term. Both the PoE and gPoE alleviates the computations
compared to the full GP O(N2). The space complexity
requires O(N2

i +DNi) = O(N2/M2+D(N/M)) capacity
to store the inverse of the local inverted covariance matrix
C−1

θ,i and the vector of local observations yi. Thus, the space
requirement is relaxed compared to full GP that occupies
O(N2+DN) memory. The total communication complexity
from all entities to the central node is O(2M) to transmit all
local mean µi and local variance σ2

i values. A comparison
of PoE and gPoE is presented in Table 2.

B. Bayesian Committee Machine (BCM) Family
The BCM, rBCM, and grBCM make the following additional
assumption other than Assumption 3.

Assumption 4. The dataset of every agent i is conditionally
independent from any other dataset of agent j ̸= i given the
posterior distribution f∗, i.e. Di ⊥⊥ Dj | f∗.

After computing the local mean (6) and the local variance
(7), the joint mean and precision of the BCM and rBCM
MA = M(r)BCM is provided by,

µ(r)BCM(x∗) = σ2
(r)BCM(x∗)

M∑
i=1

βiσ
−2
i (x∗)µi(x∗), (10)

σ−2
(r)BCM(x∗) =

M∑
i=1

βiσ
−2
i (x∗) +

(
1−

M∑
i=1

βi

)
σ−2
∗∗ , (11)

where βi = 1 for BCM, βi = 0.5[log σ2
∗∗− log σ2

i (x∗)], and
the prior variance σ2

∗∗ = k∗∗ + σ2
ϵ for rBCM. For rBCM βi

describes the difference in the differential entropy between
the prior and the posterior distribution. It is empirically
observed that for a disjoint partition of local datasets Di,
both BCM and rBCM produce inconsistent mean predictions.
However, the joint mean of BCM and rBCM converges to
the prior mean slower than the PoE and gPoE.

Proposition 3. [35, Proposition 1] For a disjoint partition of
local datasets Di, the BCM and rBCM result in overconfident
joint variance as the number of observations N tends to
infinity, i.e. limN→∞ σ2

(r)BCM(x∗) → 0.

The time and space complexity of BCM is the same to
PoE and gPoE. In addition, BCM requires similar commu-
nications with the PoE family. However, the rBCM entails
O(3M) communication complexity to exchange the local
mean µi, the local variance σ2

i , and the difference in the dif-
ferential entropy between the prior and posterior distribution
βi. Note that βi in rBCM can be computed by the central
node and recovers the communication complexity of PoE
and gPoE. Yet, we prefer to express βi as part of the com-

munication exchange, because in the ensuing discussion the
central node is removed. A comparison of BCM and rBCM
with other aggregation methods is illustrated in Table 2.

Assumption 5. Each agent i communicates information to
its one-hop neighbors j ∈ Ni with partial sharing of data.

In Assumption 2, we restrict sharing of any raw data
among agents, while Assumption 5 permits partial infor-
mation exchange of local datasets. We relax Assumption 2
to enable predictions in larger multi-agent systems at the
cost of violating federated learning requirements. The main
ideas of grBCM is to equip every agent with a new dataset
that has global information on the underlying latent function
and ensure consistency (Definition 1). Every agent i selects
randomly without replacement Ni/M data from its local
dataset Di to form the local sample dataset D−i ∈ RNi/M ⊂
Di. Then, the local sample datasets are communicated to
every other agent (Assumption 5) to compose the commu-
nication dataset Dc = {D-i}Mi=1 = {Xc,yc}. Next, every
agent i fuses the communication dataset Dc ∈ RNi with
its local dataset Di to form the local augmented dataset
D+i = Di ∪ Dc ∈ R2Ni . The local augmented dataset D+i

is a new dataset that includes the local dataset Di and the
communication dataset Dc.

The agents use the local augmented dataset D+i to com-
pute the augmented local mean µ+i (6) and the augmented
local variance σ2

+i (7). In addition, grBCM requires the
computation of the communication local mean µc (6) and
the communication local variance σ2

c (7) using exclusively
the communication dataset Dc. The joint mean and precision
of grBCM MA = MgrBCM yield,

µgrBCM(x∗) = σ2
grBCM(x∗)

(
M∑
i=1

βiσ
−2
+i (x∗)µ+i(x∗)−(

M∑
i=1

βi − 1

)
σ−2

c (x∗)µc(x∗)
)
,

(12)

σ−2
grBCM(x∗) =

M∑
i=1

βiσ
−2
+i (x∗) +

(
1−

M∑
i=1

βi

)
σ−2

c (x∗),

(13)

where β1 = 1, βi = 1/2[log σ2
c (x∗)− log σ2

+i(x∗)], i > 2.

Proposition 4. [35, Proposition 3] For any collection of
aggregated prediction mean values µ1(x∗), . . . , µM (x∗) the
grBCM is consistent.

The local time complexity for grBCM includes the com-
putation of the augmented local variance σ2

+i, the local
communication variance σ2

c , and the inversion of the commu-
nication dataset covariance matrix Kc = k(Xc,Xc). That
is O((2Ni)

2 +N2
i +N3

i ) = O(N2/M2(5 +N/M)). Then,
the inverse of the local augmented covariance matrix C−1

θ,+i

and the local augmented dataset D+i occupy O((2Ni)
2 +

D(2Ni)) = O(2(N2/M2+DN/M)+2N2/M2) space. The
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TABLE 2. Time, Space, and Communication Complexity for Centralized GP Aggregated Prediction

FULL-GP (g)PoE & BCM rBCM grBCM NPAE

Local
Time - O(ζ) O(ζ) O((5 +N/M)ζ) O(Nζ)

Space - O(ξ) O(ξ) O(2ξ + 2(N2/M2)) O(ξ +DN)

Global
Time O(N2) O(M) O(M) O(M) O(M3)

Space O(N2 +DN) O(2M) O(3M) O(5M) O(M2)

Comm - O(2M) O(3M) O(5M) O(M2)

ζ = N2/M2, ξ = N2/M2 +D(N/M).

total communications from all entities to the central node is
O(5M) to transmit all local augmented means µ+i, local
augmented variances σ2

+i, local communication means µc,
local communication variances σ2

c , and all differences in the
differential entropy βi to the central node. A comparison of
grBCM with other aggregation methods is shown in Table 2.

C. Nested Pointwise Aggregation of Experts (NPAE)
The main idea of NPAE is to use covariance between sub-
models Mi. The local computations of NPAE for agent i
include: i) local prediction mean µi(x∗) ∈ R (6); ii) i-th
entry of the cross-covariance vector [kA(x∗)]i ∈ R; and
iii) i-th row of the covariance rowi{Cθ,A(x∗)} ∈ RM .
Thus, NPAE requires the local computation of two additional
quantities other than (6). These are the cross-covariance and
the covariance for each agent i,

[kA(Xi,x∗)]i = k⊺
i,∗C

−1
θ,iki,∗, (14)

[rowi{Cθ,A(Xi,Xj ,x∗)}]j = k⊺
i,∗C

−1
θ,iCθ,ijC

−1
θ,jkj,∗,

(15)

where Cθ,ij = k(Xi,Xj) + σ2
ϵ INi ∈ RNi×Ni , ki,∗ =

(Xi,x∗) ∈ RNi , and kj,∗ = (Xj ,x∗) ∈ RNi for all j ̸= i.
The next step is to aggregate the local sub-models and obtain
the joint prediction mean and variance,

µNPAE(x∗) = k⊺
AC

−1
θ,Aµ, (16)

σ2
NPAE(x∗) = k∗∗ − k⊺

AC
−1
θ,AkA, (17)

where Cθ,A = {rowi{Cθ,A}}Mi=1 ∈ RM×M , kA =
{kA(Xi,x∗)}Mi=1 ∈ RM , and µ = {µi}Mi=1 ∈ RM .

Proposition 5. [34, Proposition 2] For any collection of
aggregated prediction mean values µ1(x∗), . . . , µM (x∗) the
NPAE is consistent.

The local time complexity for NPAE is governed by
the computation of all local inverted covariance matrices
for every other agent C−1

θ,j , j ̸= i (14) which yields
O((M − 1)N3

i ) = O(N3/M2) computations. Additionally,
the aggregated covariance Cθ,A needs to be inverted on the
central node that entails O(M3) computations. The local
memory footprint is O(N2

i +DNi+MDNi) = O(N2/M2+
D(N/M) + DN), including the local inverted covariance
matrix C−1

θ,i , the local dataset Di, and the inputs of all
other datasets Xj for all j ̸= i. The total communication

complexity yields O((M+1)M) = O(M2) governed by the
transmission of the row aggregated covariance rowi{Cθ,A},
for all i ∈ V . A major disadvantage of NPAE is the high
global time complexity, yet in the ensuing discussion we
distribute the computation among agents by using decentral-
ized iterative techniques. A comparison of NPAE with other
aggregation methods is provided in Table 2.

IV. Proposed Decentralized GP Prediction
In this section, we review three foundational decentralized
algorithms: i) the discrete-time average consensus (DAC)
method [6]; ii) the Jacobi over-relaxation method (JOR) [5,
Ch. 2.4]; and iii) the power method (PM) [61, Chapter 8].
We introduce seven decentralized aggregation methods built
using elements from the foundational algorithms, provide a
consistency analysis, and discuss their computational, space,
and communication complexity.

A. Foundational Decentralized Algorithms
1) Discrete-Time Average Consensus (DAC)
The DAC is an iterative and parallel method to compute
the average of a vector w ∈ RM within a network. More
specifically, every agent i has access to one element wi ∈ R
and the goal is to compute the average w̄ = (1/M)

∑M
i=1 wi.

The DAC update law yields,

w
(s+1)
i = w

(s)
i + ϵ

∑
j∈Ni

aij

(
w

(s)
j − w

(s)
i

)
, (18)

where ϵ is the parameter of the Perron matrix and aij is the
(i, j)-th entry of the adjacency matrix. Use of consensus pro-
tocols inherently requires that each node can independently
determine convergence. In other words, an agent’s individual
convergence does not guarantee that all agents have reached
consensus. We employ a maximin stopping criterion [66] to
locally detect convergence across the network. An additional
assumption is required to implement the DAC.

Assumption 6. The network size M is known to all agents.

Lemma 1. [6, Theorem 2], [67, Corollary 5.2] Let Assump-
tion 1 hold. If ϵ ∈ (0, 1/∆), then the DAC (18) converges to
the average w̄ for any initialization w

(0)
i with convergence

time TM (ϵ) = O(M3 log(M/ϵ)).
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Agent 1 Agent 2 Agent M

GPDEC+ GPDEC+ GPDEC+

DAC

(a) DEC-(g)PoE, DEC-(r)BCM

Agent 1 Agent 2 Agent M

DAC

(b) DEC-grBCM

DACDAC DAC ...

μ ,σ1 1
2 μ  ,σ2 2

2 μ   ,σM M
2 μ   ,σ1+ 1+

2 μ   ,σ2+ 2+
2 μ    ,σM+ M+

2

...

DECGP GP GPDEC DEC

DAC

FIGURE 2. The structure of the proposed DEC-PoE and DEC-BCM
families. Blue dotted lines correspond to communication (connected).
Every agent implements discrete-time average consensus (DAC)
methods. The gray color of the squares in (b) indicates the formulation of
local augmented datasets.

2) Jacobi Over-Relaxation (JOR)
The JOR is an iterative and parallel method to solve a system
of linear algebraic equations in the form of Hq = b, where
H = [hij ] ∈ RM×M is a known non-singular matrix with
non-zero diagonal entries hii ̸= 0, b ∈ RM is a known
vector, and q ∈ RM is an unknown vector. In particular,
the i-th node knows: i) the i-th row of the known matrix
rowi{H} ∈ R1×M ; and ii) the i-th element of the known
vector bi ∈ R. The objective is to find qi ∈ R, the i-th
element of the unknown q. The JOR iterative scheme yields,

q
(s+1)
i = (1− ω)q

(s)
i +

ω

hii

bi −
∑
j ̸=i

hijq
(s)
j

 , (19)

where ω ∈ (0, 1) the relaxation parameter.

Remark 1. The summation in (19) requires communication
with all agents, as it is computed over j ̸= i. This means
that each agent must know the update value (19) of every
other agent {q(s)

j }j ̸=i. That is a major restriction, because
it imposes a complete graph topology. Although JOR is used
for distributed networks [43], [44], [68], it is unrealistic for
many applications due to communication restrictions.

We evaluate the use of JOR, as complete networks are
feasible in applications with small fleet size. For non-
complete network topologies, distributed flooding is required
at every iteration to obtain {q(s)

j }j ̸=i and implement (19).
The number of inter-agent communications for distributed
flooding is the diameter of the graph diam(G) with total
number of iterations sJOR = diam(G)sendJOR. In the following
Section we present the distributed algorithm to solve systems
of linear equations (DALE), which overcomes the limitations
of the JOR method.

Lemma 2. [60, Theorem 2] Let the graph G be complete.
If H is symmetric and PD, and ω < 2/M , then the JOR
converges to the solution for any initialization q

(0)
i .

Lemma 3. [60, Theorem 4] Let the graph G be complete. If
H is symmetric and PD, and ω⋆ = 2/(λ(R)+λ(R)) where

TABLE 3. Communication Complexity of Decentralized GP Aggregations

Method Graph Communication Complexity

DEC-PoE C O(2χ)
DEC-gPoE C O(2χ)
DEC-BCM C O(2χ)
DEC-rBCM C O(3χ)
DEC-grBCM C O(3χ)
DEC-NPAE [58] CC O(2Msend

JOR + 2χ+Mξ)

DEC-NPAE⋆ CC O(2M(send
JOR⋆ + send

PM) + 2χ+Mξ +M2)

χ = send
DACcard(Ni), ξ = N2/M2+D(N/M), C: connected, CC: complete

connected.

R = diag(H)−1H , then the JOR converges to the solution
for any initialization q

(0)
i with the optimal rate.

Remark 2. The difference between Lemma 2 and 3 is that
the latter employs the optimal relaxation factor ω⋆ which
is characterized by the eigenvalues of R. In principle, the
smaller the relaxation factor ω the slower the convergence
speed [69]. Since ω∗ > 2/M , the optimal relaxation leads
to faster convergence of JOR to the solution. To compute
ω⋆ in a network of agents, additional communication is re-
quired to distributively estimate the maximum and minimum
eigenvalues of R. However, the sufficient condition for ω of
Lemma 2 can be locally computed with no communication.
The distributed method for the computation of ω⋆ entails
send
ω⋆ iterations, JOR with ω from Lemma 2 converges after
send

JOR iterations, and JOR with ω⋆ from Lemma 3 converges
after send

JOR⋆ iterations. Then, ω⋆ is communication-wise more
efficient in decentralized networks when send

ω⋆ +send
JOR⋆ < send

JOR.

3) Power Method (PM)
The optimal relaxation factor ω⋆ involves the maximum
eigenvalue λ(R) and minimum eigenvalue λ(R) (Lemma 3).
We employ the power method (PM) to compute λ(R) and
the inverse power method (IPM) to compute λ(R). The PM
is a two step iterative algorithm that follows,

g(s+1) = Re(s) (20a)

e(s+1) =
1

∥g(s+1)∥∞
g(s+1), (20b)

where ∥·∥∞ denotes the infinity norm. As the PM algo-
rithm converges ∥e(s) − e(s−1)∥2→ 0, the infinity norm
approximates the dominant eigenvalue ∥g(s)∥∞≈ λ(R).
After obtaining λ(R), we formulate the spectral shift of R,
that is B = R − λ(R)IM . The IPM is the application of
PM (20) on B. Next, we compute the minimum eigenvalue
as λ(R) = |λ(B) − λ(R)|. In order to obtain both λ(R)
and λ(R), we need to execute the PM algorithm (20) two
sequential times. Let the first PM algorithm to converge after
send

PM iterations and the second after send
IPM iterations. The use of
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Algorithm 1 DEC-PoE
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆
Output: µDEC-PoE, σ−2

DEC-PoE

1: ϵ = 1/∆

2: for each i ∈ V do
3: µi ← localMean(x∗, k, θ̂,Di,C

−1
θ,i ) (6)

4: σ−2
i ← localVariance(x∗, k, θ̂,Di,C

−1
θ,i , ) (7)

5: initialize w
(0)
µ,i = βiσ

−2
i µi, w

(0)

σ−2,i
= βiσ

−2
i , βi = 1

6: repeat
7: communicate w

(s)
µ,i, w

(s)

σ−2,i
to agents in Ni

8: w
(s+1)
µ,i ← DAC(ϵ, w

(s)
µ,i, {w

(s)
µ,j}j∈Ni

,Ni) (18) ▷ DAC1

9: w
(s+1)

σ−2,i
← DAC(ϵ, w

(s)

σ−2,i
, {w(s)

σ−2,j
}j∈Ni

,Ni) (18) ▷

DAC2
10: until maximin stopping criterion
11: σ−2

DEC-PoE = Mw
(end)
σ−2,i

(9)

12: µDEC-PoE = σ2
DEC-PoEMw

(end)
µ,i (8)

13: end for

Algorithm 2 DEC-gPoE
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆
Output: µDEC-gPoE, σ−2

DEC-gPoE

1: Same to Algorithm 1 with βi = 1/M instead of βi = 1 (line 5)

the optimal relaxation is communication-wise more efficient
if send

PM + send
IPM + send

JOR⋆ < send
JOR (Remark 2).

Lemma 4. [61, Chapter 8] Let the graph G be complete.
If H is symmetric, then the PM converges to the dominant
real eigenvalue λ(R) with convergence rate O((λ2/λ)

send
PM),

where λ2 is the second largest eigenvalue.

B. Proposed Decentralized Product of Experts
The decentralized PoE (DEC-PoE) method makes use
of two DAC algorithms (Figure 2-(a)). The first DAC
computes the average (1/M)

∑M
i=1 βiσ

−2
i and the second

(1/M)
∑M

i=1 βiσ
−2
i µi, where βi = 1. At every iteration

of DAC each agent communicates both computed values
w

(s)
µ,i, w

(s)
σ−2,i to its neighbors Ni. After convergence, each

DAC average is multiplied by the number of nodes M and
follow (8), (9) to recover the DEC-PoE mean and precision
(Algorithm 1). The time and space complexity are the same
to the local time and space complexity of the PoE family
(Table 2). Let send

DAC be the maximum number of iterations
of the two DAC to converge. The total communications are
O(2send

DACcard(Ni)) (Table 3).
Next, we form the decentralized gPoE (DEC-gPoE) (Fig-

ure 2-(a)). The DEC-gPoE is similar to the DEC-PoE, but
βi = 1/M instead of βi = 1 (Algorithm 2). The time, space,
and communication complexity are the same to DEC-PoE.

C. Proposed Decentralized Bayesian Committee Machine
The decentralized BCM (DEC-BCM) method employs
two DAC algorithms (Figure 2-(a)). The first DAC com-

Algorithm 3 DEC-BCM
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆
Output: µDEC-BCM, σ−2

DEC-BCM

1: ϵ = 1/∆

2: for each i ∈ V do
3: µi ← localMean(x∗, k, θ̂,Di,C

−1
θ,i ) (6)

4: σ−2
i ← localVariance(x∗, k, θ̂,Di,C

−1
θ,i , ) (7)

5: σ2
∗∗ = k(x∗,x∗) + σ2

ϵ

6: initialize w
(0)
µ,i = βiσ

−2
i µi, w

(0)

σ−2,i
= βiσ

−2
i , βi = 1

7: repeat ▷ 2×DAC
8: communicate w

(s)
µ,i, w

(s)

σ−2,i
to agents in Ni

9: w
(s+1)
µ,i ← DAC(ϵ, w

(s)
µ,i, {w

(s)
µ,j}j∈Ni

,Ni) (18)

10: w
(s+1)

σ−2,i
← DAC(ϵ, w

(s)

σ−2,i
, {w(s)

σ−2,j
}j∈Ni

,Ni) (18)
11: until maximin stopping criterion
12: σ−2

DEC-BCM = Mw
(end)
σ−2,i

+ (1−
∑M

i=1 βi)σ
−2
∗∗ (11)

13: µDEC-BCM = σ2
DEC-BCMMw

(end)
µ,i (10)

14: end for

Algorithm 4 DEC-rBCM
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆
Output: µDEC-rBCM, σ−2

DEC-rBCM

1: ϵ = 1/∆

2: for each i ∈ V do
3: µi ← localMean(x∗, k, θ̂,Di,C

−1
θ,i ) (6)

4: σ−2
i ← localVariance(x∗, k, θ̂,Di,C

−1
θ,i ) (7)

5: σ2
∗∗ = k(x∗,x∗) + σ2

ϵ

6: initialize w
(0)
µ,i = βiσ

−2
i µi, w

(0)

σ−2,i
= βiσ

−2
i , w

(0)
βi

= βi,
βi = 0.5[log σ2

∗∗ − log σ2
i ]

7: repeat ▷ 3×DAC
8: communicate w

(s)
µ,i, w

(s)

σ−2,i
, w(s)

βi
to agents in Ni

9: w
(s+1)
µ,i ← DAC(ϵ, w

(s)
µ,i, {w

(s)
µ,j}j∈Ni

,Ni) (18)

10: w
(s+1)

σ−2,i
← DAC(ϵ, w

(s)

σ−2,i
, {w(s)

σ−2,j
}j∈Ni

,Ni) (18)

11: w
(s+1)
βi

← DAC(ϵ, w
(s)
βi

, {w(s)
βj
}j∈Ni

,Ni) (18)
12: until maximin stopping criterion
13: σ−2

DEC-rBCM = Mw
(end)
σ−2,i

+ (1−Mw
(end)
βi

)σ−2
∗∗ (11)

14: µDEC-rBCM = σ2
DEC-rBCMMw

(end)
µ,i (10)

15: end for

putes the average (1/M)
∑M

i=1 βiσ
−2
i and the second

(1/M)
∑M

i=1 βiσ
−2
i µi, where βi = 1. At every iteration of

DAC each agent communicates both computed values w
(s)
µ,i,

w
(s)
σ−2,i to its neighbors Ni. After convergence, each average

is multiplied by the number of nodes M and follow (10), (11)
to recover the DEC-BCM mean and precision (Algorithm 3).
The time, space, and communication complexity are the
same to DEC-PoE family.

We introduce the decentralized rBCM (DEC-rBCM) tech-
nique that employs three DAC algorithms to compute the
averages (1/M)

∑M
i=1 βiσ

−2
i , (1/M)

∑M
i=1 βiσ

−2
i µi, and

(1/M)
∑M

i=1 βi, where βi = 0.5[log σ2
∗∗ − log σ2

i ]. At every
iteration of DAC each agent communicates w

(s)
µ,i, w

(s)
σ−2,i,

w
(s)
βi

to its neighbors Ni. After convergence, each average

10 VOLUME ,



Algorithm 5 DEC-grBCM
Input: D+i(X+i,y+i), θ̂, C−1

θ,+i, Ni, k, M , x∗, ∆
Output: µDEC-grBCM, σ−2

DEC-grBCM

1: ϵ = 1/∆

2: for each i ∈ V do
3: µ+i ← localMean(x∗, k, θ̂,D+i,C

−1
θ,+i) (6)

4: σ−2
+i ← localVariance(x∗, k, θ̂,D+i,C

−1
θ,+i) (7)

5: σ2
c = k(Xc,Xc)

6: initialize w
(0)
µ,i = βiσ

−2
+i µ+i, w

(0)

σ−2,i
= βiσ

−2
+i , w

(0)
βi

= βi,
βi = 0.5[log σ2

c − log σ2
+i]

7: repeat ▷ 3×DAC
8: communicate w

(s)
µ,i, w

(s)

σ−2,i
, w(s)

βi
to agents in Ni

9: w
(s+1)
µ,i ← DAC(ϵ, w

(s)
µ,i, {w

(s)
µ,j}j∈Ni

,Ni) (18)

10: w
(s+1)

σ−2,i
← DAC(ϵ, w

(s)

σ−2,i
, {w(s)

σ−2,j
}j∈Ni

,Ni) (18)

11: w
(s+1)
βi

← DAC(ϵ, w
(s)
βi

, {w(s)
βj
}j∈Ni

,Ni) (18)
12: until maximin stopping criterion
13: σ−2

DEC-grBCM = Mw
(end)
σ−2,i

+ (1−Mw
(end)
βi

)σ−2
c (13)

14: µDEC-grBCM = σ2
DEC-grBCM(Mw

(end)
µ,i − (Mw

(end)
βi

− 1)σ−2
c µc)

(12)
15: end for

is multiplied by the number of nodes M and follow (10),
(11) to recover the DEC-rBCM mean and precision (Al-
gorithm 4). The local time and space complexity are the
same to the rBCM (Table 2). Let send

DAC be the maximum
number of iterations of three DAC to converge. The total
communications are O(3send

DACcard(Ni)) (Table 3).
We propose the decentralized grBCM (DEC-grBCM)

method which employs three DAC algorithms (Fig-
ure 2-(b)) to compute the averages (1/M)

∑M
i=1 βiσ

−2
+i ,

(1/M)
∑M

i=1 βiσ
−2
+i µi, and (1/M)

∑M
i=1 βi, where βi =

0.5[log σ2
c − log σ2

+i]. At every iteration of DAC each agent
communicates w

(s)
µ,i, w

(s)
σ−2,i, w

(s)
βi

to its neighbors Ni. After
convergence, each DAC average is multiplied by the number
of nodes M and follow (12), (13) to recover the mean
and precision (Algorithm 5). The local time and space
complexity are the same to the grBCM (Table 2). Let send

DAC
be the maximum number of iterations of the three DAC to
converge. The total communications are O(3send

DACcard(Ni))
(Table 3).

Proposition 6. Let the Assumption 1, 5, 3, 4, 6 hold. If
ω < 2/M then the DEC-grBCM is consistent for any
initialization.

Proof:
Since grBCM is consistent (Proposition 4) and DAC con-
verges for any initial condition (Lemma 1), then DEC-
grBCM is consistent for any initialization.

D. Proposed Decentralized Nested Pointwise
Aggregation
An additional assumption is required to implement the
decentralized NPAE methods.

Algorithm 6 DEC-NPAE [58]
Input: Di(Xi,yi), X , θ̂, C−1

θ,i , Ni, k, M , x∗, ∆
Output: µDEC-NPAE, σ2

DEC-NPAE

1: initialize ω = 2/M ; ϵ = 1/∆

2: for each i ∈ V do
3: communicate C−1

θ,i , Xi to agents in V\i
4: µi ← localMean(x∗, k, θ̂,Di,C

−1
θ,i ) (6)

5: [kA]i ← crossCov(x∗, k, θ̂,Xi,C
−1
θ,i ) (14)

6: rowi{Cθ,A} ← localCov(x∗, k, θ̂,X,C−1
θ,i , {C

−1
θ,j}j ̸=i) (15)

7: [H]i = rowi{Cθ,A}; bµ,i = µi; bσ2,i = [kA]i

8: initialize q
(0)
µ,i = bµ,i/[H]ii, q

(0)

σ2,i
= bσ2,i/[H]ii

9: repeat ▷ 2×JOR
10: communicate q

(s)
µ,i , q(s)

σ2,i
to agents in V\i

11: q
(s+1)
µ,i ← JOR(ω, [H]i, bµ,i, q

(s)
µ,i, {q

(s)
µ,j}j ̸=i) (19)

12: q
(s+1)

σ2,i
← JOR(ω, [H]i, bσ2,i, q

(s)

σ2,i
, {q(s)

σ2,j
}j ̸=i) (19)

13: until maximin stopping criterion
14: initialize w

(0)
µ,i = [kA]iq

(end)
µ,i , w(0)

σ2,i
= [kA]iq

(end)
σ2,i

15: repeat ▷ 2×DAC
16: communicate w

(s)
µ,i, w

(s)

σ2,i
to agents in Ni

17: w
(s+1)
µ,i ← DAC(ϵ, w

(s)
µ,i, {w

(s)
µ,j}j∈Ni

,Ni) (18)

18: w
(s+1)

σ2,i
← DAC(ϵ, w

(s)

σ2,i
, {w(s)

σ2,j
}j∈Ni

,Ni) (18)
19: until maximin stopping criterion
20: µDEC-NPAE = Mw

(end)
µ,i

21: σ2
DEC-NPAE = σ2

f (k∗∗ −Mw
(end)
σ2,i

)

22: end for

Assumption 7. The graph topology is complete, i.e. every
agent i can communicate with every other node j ̸= i.

Assumption 7 is conservative, but mandatory for the
implementation of the PM and JOR algorithms. In order to
use the DEC-NPAE with non-complete but connected graph
topologies, flooding is required (Remark 1).

We present DEC-NPAE [58] which combines JOR and
DAC to decentralize the computations (16), (17) of NPAE
(Figure 3-(a)). We execute two parallel JOR algorithms with
known matrix H = Cθ,A and known vectors: i) b = µ;
and ii) b = kA. The first JOR is associated with the
prediction mean (16) and the second with the variance (17).
Implementation details are provided in Algorithm 6. We
split up the computation in two parts. First, each entity
computes three quantities: i) the local mean µi (6); ii) the
local cross covariance [kA]i (14); and iii) the local row
covariance rowi{Cθ,A} (15). For the local computation of
(15) the agents must know the inputs {Xj}j ̸=i of all other
agents, to find Cθ,ij and kj,∗. The inputs {Xj}j ̸=i are
communicated between agents. The local inverted covari-
ance matrices of all other agents {C−1

θ,j}j ̸=i can be locally
computed, but it is computationally expensive to invert
M − 1 matrices, i.e. O(MN3

i ) = O(N3/M2). Since every
agent i has already stored its local covariance matrix from
the training step [63], we select to exchange {C−1

θ,j}j ̸=i

between agents (Algorithm 6-[Line 3]). After every JOR
iteration, each agent i communicates the computed values

VOLUME , 11



Kontoudis and Stilwell: Multi-Agent Federated Learning using Covariance-Based Nearest Neighbor GPs

Algorithm 7 PowerMethod
Input: R, Ni, M , ηPM

Output: λ(R)

1: initialize e(0) = 1/M

2: repeat
3: g

(s+1)
i = rowi{R}e(s) (20a)

4: communicate g
(s+1)
i to agents in V\i

5: ∥g(s+1)∥∞= max{|gs+1|}
6: e(s+1) = g(s+1)/∥g(s+1)∥∞ (20b)
7: until ∥e(s+1) − e(s)∥2< ηPM

8: λ(R) = ∥g(end)∥∞

Algorithm 8 DEC-NPAE*
Input: Di(Xi,yi), X , θ̂, C−1

θ,i , Ni, k, M , x∗, ∆, ηPM

Output: µDEC-NPAE⋆ , σ2
DEC-NPAE⋆

1: for each i ∈ V do
2: communicate rowi{Cθ,A} to agents in V\i
3: diag(Cθ,A)−1 = diag({Cθ,A}−1

ii )

4: R = diag(Cθ,A)−1Cθ,A

5: λ(R)← PowerMethod(R,Ni,M, ηPM) ▷ PM1
6: B = R− λ(R)IM

7: λ(B)← PowerMethod(B,Ni,M, ηPM) ▷ PM2
8: λ(R) = |λ(B)− λ(R)|
9: ω⋆ = 2/(λ(R) + λ(R))

10: end for
11: DEC-NPAE(Di,X, θ̂,C−1

θ,i ,Ni, k,M,x∗,∆, ω⋆)

q
(s)
µ,i , q

(s)
σ2,i to its neighbors Ni (Algorithm 6-[line 10]).

Next, we compute an element of the unknown vectors
qµ,i = [C−1

θ,Aµ]i, qσ2,i = [C−1
θ,AkA]i (Algorithm 6-[lines

11, 12]) with the JOR method. When JOR converges, each
agent computes locally the i-th element of the resulting
summation from: i) the multiplication between the vectors
k⊺
A and C−1

θ,Aµ (16), that is wµ,i = [kA]iq
(end)
µ,i ; and ii) the

multiplication between the vectors k⊺
A and C−1

θ,AkA (17),
that is wσ2,i = [kA]iq

(end)
σ2,i . Second, since all agents have

stored a part of the summations wµ,i, wσ2,i, we use the
DAC to compute the averages (1/M)

∑M
i=1[kA]iq

(end)
µ,i and

(1/M)
∑M

i=1[kA]iq
(end)
σ2,i . After every DAC iteration, each

agent i communicates the computed values w(s)
µ,i, w

(s)
σ2,i to its

neighbors Ni. When both DAC converge, each agent follows
(16), (17) to recover the DEC-NPAE mean and variance.
The local time and space complexity are the same to the
local NPAE (Table 2). Let send

JOR and send
DAC be the maximum

number of iterations of the JOR and DAC to converge respec-
tively. The total communications for a complete topology
yields O(2send

JORM + 2send
DACcard(Ni) + MN2

i + MDNi) =
O(2send

JORM + 2send
DACcard(Ni) +M(N2/M2 +DN/M) for

all i ∈ V as listed in Table 3.
The decentralized NPAE⋆ (DEC-NPAE⋆) method (Fig-

ure 3-(b)) is similar to the DEC-NPAE, but includes an ad-
ditional routine (Algorithm 7) to compute the optimal relax-

Agent 1 Agent 2 Agent M

DECGP GP GPDEC DEC

DAC

row{      }Cθ,A1

(a) DEC-NPAE

Agent 1 Agent 2 Agent M

Cθ,1

JOR JOR JOR...

DAC

DACDAC

(b) DEC-NPAE*

JOR* JOR* JOR*...

DAC ...

-1 Cθ,2
-1 Cθ,M

-1...

PM
IPM

PM
IPM

PM
IPM

...

...row{      } row {      }Cθ,AM

...

Cθ,A2

DECGP GP GPDEC DEC

Cθ,1
-1 Cθ,2

-1 Cθ,M
-1

DAC

FIGURE 3. The structure of the DEC-NPAE family. Blue dotted lines
correspond to communication (connected and complete). (a)
DEC-NPAE [58] incorporates Jacobi over-relaxation (JOR) and
discrete-time average consensus (DAC). (b) DEC-NPAE⋆ makes use of the
power method (PM) to obtain the optimal relaxation factor and execute
JOR⋆, and DAC.

ation factor ω⋆ (Lemma 3). More specifically, we employ the
PM iterative scheme (20) to estimate the largest λ and small-
est λ eigenvalues of R. To compute the matrix of interest
R = diag(Cθ,A)

−1Cθ,A, each agent i constructs Cθ,A after
exchanging {rowj{Cθ,A}}j ̸=i (Algorithm 8-[Line 2]). Next,
each agent i executes the PM (Algorithm 7) to obtain the
maximum eigenvalue λ(R). Then, the spectral shift matrix
B is composed (Algorithm 8-[line 6]). Using B as an input
to the PM algorithm, its maximum eigenvalue is obtained
λ(B). To this end, the minimum eigenvalue of R can be
computed (Algorithm 7-[Line 8]). Subsequently, the optimal
relaxation ω⋆ is computed according to Lemma 3. Provided
ω⋆, the DEC-NPAE (Algorithm 6) is executed. Let send

PM be
the iterations required for the PM to converge. Then, the total
communications are O(2send

PMM +M2) +O(DEC-NPAE) to
exchange: i) the g

(s)
i for two PM routines (Algorithm 7-

[Line 4]); ii) the rowi{Cθ,A} (Algorithm 8-[Line 2]); and
iii) the quantities of DEC-NPAE. The communication com-
plexity for all proposed decentralized methods is shown in
Table 3. We illustrate the structure of the DEC-NPAE family
in Figure 3.

Proposition 7. Let Assumption 5, 3, 6, and 7 hold. If ω <
2/M , ϵ ∈ (0, 1/∆), then the DEC-NPAE is consistent for
any initialization. Provided that the conditions for JOR hold
for the PM iterations and that ω⋆ = 2/(λ(R)+λ(R)), then
the DEC-NPAE⋆ is consistent for any initial conditions.

Proof:
Since NPAE is consistent (Proposition 5), and DAC and JOR
converge for any initial condition (Lemma 1, 2 respectively),
then the DEC-NPAE is consistent for any initialization.
The consistency proof for DEC-NPAE⋆ follows similar logic
according to Proposition 5 and Lemma 1, 3.
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V. Proposed Covariance-Based Nearest Neighbors
In this section, we discuss a distributed algorithm for sys-
tems of linear equations (DALE) [7], [59] and propose a
new method to identify statistically correlated agents with
covariance similarity. The proposed covariance-based nearest
neighbor (CBNN) is employed to approximate six aggrega-
tion of GP experts methods in a decentralized fashion.

A. Foundational Decentralized Method
An alternative method to solve a linear system of algebraic
equations, but for connected (Assumption 1) and not com-
plete topology (Assumption 7) is DALE. This is an iterative
method with identical setup to JOR (Section 1) Hq = b,
where H is a known matrix, b a known vector, and q
an unknown vector. The i-th node knows: i) i-th row of
Hi = rowi{H} ∈ R1×M ; and ii) i-th entry of bi ∈ R.
In addition, DALE is formulated as a consensus problem,
where the goal for all agents is to obtain the same solution
qi ∈ RM and not just an element of the unknown vector as
in JOR. The DALE follows,

q
(s+1)
i = H⊺

i (HiH
⊺
i )

−1bi +
1

card(Ni)
P i

∑
j∈Ni

q
(s)
j , (21)

where P i = IM − H⊺
i (HiH

⊺
i )

−1Hi ∈ RM×M is the
orthogonal projection onto the kernel of Hi.

Assumption 8. Matrix H is full row rank.

Lemma 5. [59, Theorem 3] Let Assumption 1, 8 hold. There
exists a constant ϕ ∈ (0, 1) such that all q

(s)
i converge

to the solution for any initialization q
(0)
i with worst case

convergence speed ϕs.

The convergence speed constant ϕ depends on the number
of agents M and the diameter diam(G). The larger the fleet
size and the diameter the slower the convergence. The i-
th node using DALE (21) exchanges information only with
its neighbors j ∈ Ni and not with the whole network
(see in contrast Remark 1 for JOR). In addition, DALE is
concurrently a consensus algorithm and updates the vector
q
(s)
i ∈ RM , while JOR updates just the corresponding entry

[q
(s)
i ]i ∈ R. Thus, DALE produces similar results to the

sequential operation of JOR and DAC.

B. Covariance-Based Nearest Neighbors (CBNN)
To identify statistically correlated agents for a location
of interest x∗ we introduce the covariance-based nearest
neighbor (CBNN) method. Let every agent i to have its own
opinion for the location of interest {µ1, . . . , µM}, where
µi = E[y(x∗) | Di,θ] computed as a GP local mean (6).
We employ the local mean values to form the mean dataset
Dµ = ({Xi}Mi=1, {µi}Mi=1) = (X,µ), where Xi ∈ RD×Ni ,
X ∈ RD×N , µi ∈ R, and µ ∈ RM .

Definition 2. Let the vector of random variables
(µ1(x∗), . . . , µM (x∗), y(x∗))

⊺ ∈ RM+1 to form a random

Agent M

CBNN

DEC-XX

GPDEC

Agent 1 Agent 2 Agent M-1

Cθ,1

CBNN

-1 Cθ,2
-1 Cθ,M-1

-1

CBNN...

DECGP GP GPDEC DEC

CBNN

Cθ,M
-1

FIGURE 4. The structure of the proposed nearest neighbor decentralized
aggregation methods. Blue dotted lines correspond to communication
(connected). The covariance-based nearest neighbor (CBNN) method
identifies statistically correlated agents—in this illustration the CBNN set
is VNN ∈ [2,M − 1]. Next, a decentralized aggregation method among the
DEC-PoE and DEC-BCM families is executed within the VNN nodes. After
convergence, the predicted values are communicated to the rest agents
of the network.

process, where the first two moments exist with zero mean
µµ = 0 and a finite covariance Kθ,µ.

Proposition 8. [Appendix B] The random process
(Definition 2) approximates a Gaussian process,
(µ1(x∗), . . . , µM (x∗), y(x∗))

⊺ ∼ GP(µµ,Kθ,µ) as
N → ∞.

The covariance of the new GP (Proposition 8) yields,

Cθ,µ = Cov[µ(x∗), y(x∗)] =

[
Kµ k⊺

µ,∗
kµ,∗ k∗∗

]
,

where k⊺
µ,∗ ∈ RM is the cross-covariance. Interestingly,

the cross-covariance element of the i-th agent represents
the correlation of a local dataset Di to the location of
interest x∗ with a positive scalar number [kµ,∗]i ∈ R≥0.
The physical interpretation of the cross-covariance is that
when this value approaches zero [kµ,∗]i → 0, the agent i
becomes statistically uncorrelated to the location of interest
x∗. Notably, each agent i can compute locally its cross-
covariance element without any communication with neigh-
boring agents,

[kµ,∗]i = k⊺
i,∗C

−1
θ,iki,∗, (22)

where ki,∗ = k(Xi,x∗). As a result, every agent can locally
determine a non-negative similarity score for the location of
interest. If the similarity score is very low, then the agent
is excluded from the aggregation. The workflow proceeds as
follows. Every agent i computes its cross-covariance [kµ,∗]i
(22). When the correlation of agent i to the location of
interest is below a threshold [kµ,∗]i < ηNN, then the agent is
excluded from the aggregation of GP experts. After all agents
compute their correlations, the nearest neighbor subset of
nodes is determined VNN ⊆ V with MNN = card(VNN) ≤ M .
The excluded agents are not contributing on y(x∗) and
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Algorithm 9 DEC-NN-PoE
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆, ηNN

Output: µDEC-NN-PoE, σ−2
DEC-NN-PoE

1: for each i ∈ V do
2: [kµ,∗]i ← CrossCovCBNN(x∗, k, θ̂,Xi,C

−1
θ,i ) (22)

3: for each j ∈ Ni do
4: if [kµ,∗]j < ηNN then
5: NNN,i = Ni\j
6: j ← flooding(V)
7: VNN = V\j
8: end if
9: end for

10: MNN = card(VNN)

11: end for
12: DEC-PoE(Di, θ̂,C

−1
θ,i ,NNN,i, k,MNN,x∗,∆)

13: communicate µDEC-NN-PoE and σ2
DEC-NN-PoE to agents in V\VNN

Algorithm 10 DEC-NN-gPoE
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆, ηNN

Output: µDEC-gPoE, σ−2
DEC-gPoE

1: Same to Algorithm 9 with DEC-gPoE instead of DEC-PoE

wait to receive the predicted values after the aggregation
is complete.

Lemma 6. [Appendix C] Let the agents operate in a spatial
environment with input space of dimension D = 2. Each
agent i collects local data Di from a disjoint partition in
stripes along the y-axis (Figure 6-(b)) and the network of
agents form a line graph topology. Then, CBNN preserves
network connectivity.

The advantages of using CBNN to identify statistically
correlated agents are: i) the selection of nearest neighbors is
justified through a covariance not just by using an arbitrary
radius; ii) only the local dataset Di is required to compute
(22) with no data exchange; iii) the total communications
are reduced, as a subset of the agents takes part to the
aggregation VNN; iv) the DAC converges faster (Lemma 1);
and v) the DALE can be employed as H is ensured to be
full row rank.

C. Proposed Decentralized Nearest Neighbors
1) DEC-NN-PoE Family
The decentralized nearest neighbor PoE (DEC-NN-PoE)
family integrates CBNN to the DEC-PoE family as shown
in Figure 4. The implementation details for DEC-NN-PoE
are given in Algorithm 9 and for DEC-NN-gPoE in Algo-
rithm 10. Every agent i computes the local cross-covariance
of CBNN [kµ,∗]i (22) and evaluates its involvement to the
aggregation (Algorithm 9-[Line 4]). After the CBNN termi-
nates, the remaining agents VNN run the DEC-PoE family
routines (Algorithm 1, 2). Finally, the predicted values are

Algorithm 11 DEC-NN-BCM
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆, ηNN

Output: µDEC-BCM, σ−2
DEC-BCM

1: Same to Algorithm 9 with DEC-BCM instead of DEC-PoE

Algorithm 12 DEC-NN-rBCM
Input: Di(Xi,yi), θ̂, C−1

θ,i , Ni, k, M , x∗, ∆, ηNN

Output: µDEC-rBCM, σ−2
DEC-rBCM

1: Same to Algorithm 9 with DEC-rBCM instead of DEC-PoE

Algorithm 13 DEC-NN-grBCM
Input: D+i(X+i,y+i), θ̂, C−1

θ,+i, Ni, k, M , x∗, ∆, ηNN

Output: µDEC-NN-grBCM, σ−2
DEC-NN-grBCM

1: Same to Algorithm 9 with DEC-grBCM instead of DEC-PoE

transmitted to the excluded agents V\VNN. The communica-
tion complexity for both methods is O(2send

DACcard(NNN,i)).

2) DEC-NN-BCM Family
The decentralized nearest neighbor BCM (DEC-NN-BCM)
family is the DEC-BCM family with a CBNN selection
(Figure 4). The implementation details for DEC-NN-BCM
are given in Algorithm 11, for DEC-NN-rBCM in Algo-
rithm 12, and for DEC-NN-grBCM in Algorithm 13. The
communication complexity for DEC-NN-BCM and DEC-
NN-rBCM is O(2send

DACcard(NNN,i)), while for DEC-NN-
grBCM is O(3send

DACcard(NNN,i)).

Proposition 9. Let Assumption 1, 5, 3, 4, 6 hold. If
ω < 2/M then the DEC-NN-grBCM is consistent for any
initialization.

Proof:
In Proposition 6, we show that DEC-grBCM is consistent.
Since we proved that CBNN preserves network connectivity
(Lemma 6), then DEC-NN-grBCM is consistent for any
initialization.

3) DEC-NN-NPAE
We introduce the decentralized nearest neighbor NPAE
(DEC-NN-NPAE) method to distribute the computations
(16), (17) of NPAE (Figure 5). The DEC-NN-NPAE employs
the CBNN and DALE (21) methods. By using CBNN, one
can satisfy Assumption 8 and use the DALE. Thus, the
DEC-NN-NPAE relaxes the complete topology (Assump-
tion 7) to a connected topology. Implementation details are
provided in Algorithm 14. First, each entity computes: i)
the local cross covariance [kA]i (14); and ii) the cross-
covariance of CBNN [kµ,∗]i (22). Next, we execute the
CBNN routine to select the nearest neighbors. During the
CBNN, if a criterion is met for an agent j to be excluded
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FIGURE 5. The structure of the proposed nearest neighbor decentralized
aggregation methods. Blue dotted lines correspond to communication
(connected). The covariance-based nearest neighbor (CBNN) method
identifies statistically correlated agents—in this illustration the CBNN set
is VNN ∈ [2,M − 1]. Next, a distributed algorithm for solving a linear
system of equations (DALE) is executed within the VNN nodes. After
convergence, the predicted values are communicated to the excluded
agents of the network.

(Algorithm 14-[Line 5]), it is removed from the list of
agents VNN = V\j; and if not, the corresponding element
of the local cross covariance [kA]j is communicated to all
other agents VNN\i. When the CBNN routine terminates,
we execute the DALE method on the nearest neighbors
VNN. Similarly to DEC-NPAE, the inputs {Xj}j ̸=i and
the local inverted covariance matrices {C−1

θ,j}j ̸=i are com-
municated between CBNN agents. Next, we execute two
parallel DALE algorithms with known matrix H = Cθ,A

and known vectors: i) b = µ; and ii) b = kA. The first
DALE is associated with the prediction mean µDEC-NN-NPAE
(Algorithm 14-[Line 24]) and the second with the variance
σ2

DEC-NN-NPAE (Algorithm 14-[Line 25]). After every DALE
iteration, each agent i communicates the computed vectors
q
(s)
µ,i, q

(s)
σ2,i to its neighbors NNN,i (Algorithm 14-[Line 23]).

Next, we update the vectors qµ,i, qσ2,i (Algorithm 6-[Lines
24, 25]) with the DALE method. When both DALE converge,
each agent follows (16), (17) to recover the DEC-NN-
NPAE mean and variance. Let send

DALE be the maximum
number of iterations of DALE to converge. The total com-
munications during the CBNN yields O(MNN) and during
DALE O(2send

DALEcard(NNN,i) + MNNN
2
i + MNNDNi) =

O(2send
DALEcard(NNN,i) +MNN(N

2/M2
NN +DN/MNN)).

Proposition 10. Let Assumption 1, 5, 3, 6 hold. Then, the
DEC-NN-NPAE is consistent for any initialization of DALE.

Proof:
Since we know that NPAE is consistent (Proposition 5),
DALE converges for any initial condition (Lemma 5), and
CBNN preserves network connectivity (Lemma 6), then DEC-
NN-NPAE is consistent for any initialization.

VI. Numerical Experiments
In this section, we conduct numerical experiments to demon-
strate the efficacy of the proposed decentralized GP pre-

Algorithm 14 DEC-NN-NPAE [58]
Input: Di(Xi,yi), X , θ̂, C−1

θ,i , Ni, k, M , x∗, ∆, ηNN

Output: µDEC-NN-NPAE, σ2
DEC-NN-NPAE

1: for each i ∈ V do
2: [kA]i ← crossCov(x∗, k, θ̂,Xi,C

−1
θ,i ) (14)

3: [kµ,∗]i ← CrossCovCBNN(x∗, k, θ̂,Xi,C
−1
θ,i ) (22)

4: for each j ∈ Ni do
5: if [kµ,∗]j < ηNN then
6: NNN,i = Ni\j; VNN = V\j
7: j ← flooding(VNN)

8: else
9: [kA]j ← flooding(VNN)

10: end if
11: end for
12: end for
13: for each i ∈ VNN do
14: µi ← localMean(x∗, k, θ̂,Di,C

−1
θ,i ) (6)

15: C−1
θ,i ,Xi ← flooding(VNN)

16: kNN,A = [kA]i ∪ {[kA]j}j∈VNN

17: rowNN,i{Cθ,A} ← localCov(x∗, k,X, θ̂,VNN) (15)
18: Hi = rowNN,i{Cθ,A}; MNN = card(VNN)

19: bµ,i = µNN,i; bσ2 = kNN,A

20: P i = IMNN −H⊺
i (HiH

⊺
i )

−1Hi

21: initialize q
(0)
µ,i = bµ,i ⊘Hi; q

(0)

σ2,i
= bσ2 ⊘Hi

22: repeat ▷ 2×DALE (21)
23: communicate q

(s)
µ,i, q

(s)

σ2,i
to neighbors NNN,i

24: q
(s+1)
µ,i ← DALE(P i,Hi, bµ,i, {q

(s)
µ,j}j∈NNN,i

,NNN,i)

25: q
(s+1)

σ2,i
← DALE(P i,Hi, bσ2,i, {q

(s)

σ2,j
}j∈NNN,i

,NNN,i)

26: until maximin stopping criterion
27: µDEC-NN-NPAE = k⊺

NN,Aqend
µ,i

28: σ2
DEC-NN-NPAE = σ2

f (k(x∗,x∗)− k⊺
NN,Aqend

σ2,i
)

29: end for

diction methods. Two real-world datasets of sea surface
temperature (SST) [70], [71] and ground elevation map [72],
[73] are used to assess the GP prediction algorithms in four
aspects: i) prediction accuracy; ii) uncertainty quantification;
iii) communications per agent; and iv) execution time. All
numerical experiments are conducted in MATLAB using the
GPML package [74] on an Intel Core i7-6700 CPU @3.40
GHz with 32.0 GB memory RAM1.

A. Datasets and Experimental Design
We evaluate our methods on two real-world datasets: D1)
Sea surface temperature (SST) from NASA JPL [70], [71];
and D2) Ground elevation maps from NASA Shuttle Radar
Topography Mission [72]. For D1, we extract 123, 200 SST
values in Kelvins from the region (36.4o N, −73.0o E)
to (40.0o N, −69.4o E) covering approximately 400 km ×
400 km of the Atlantic ocean. For D2, we use 1, 563, 750
elevation values from the N43W080 tile, a region with
significant elevation difference. Both datasets are normalized

1Demonstration code: github.com/gkontoudis/decentralized-GP.
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FIGURE 6. (a) Sea surface temperature field [71]; (b) Ground elevation
map [72]; (c) Non-overlapping space partition for M = 10 agents.

FIGURE 7. Three graph topologies are evaluated for 10 agents. The 1-hop
line graph represents the most parsimonious topology, as the failure of
any edge leads to disconnection. Thus, the line graph serves as a lower
bound on both the prediction accuracy and uncertainty quantification.

over [0, 1]2 as shown in Figure 6(a)-(b). Notably, D2 is
characterized as a nonstationary environment [75], making
it particularly challenging for predictive performance. We
formulate 15 datasets of size N = 20, 000 to avoid random
assignment of data. Each dataset is equally distributed for
four fleet sizes M = {4, 10, 20, 40}, e.g., Figure 6(c)
illustrates the case of M = 10 agents. This setup represents
the worst-case partitioning of the environment, as there is
no overlap and agents remain agnostic to global variability.
Such a design highlights the role of space partitioning in dis-
tributed learning, since stronger connectivity or overlapping
partitions can improve the predictive performance.

The GP training of the hyperparameters is performed
with the DEC-gapx-GP method [42]. We employ the pro-
posed methods over Nt = 100 prediction points: i) DEC-
PoE; ii) DEC-NN-PoE; iii) DEC-gPoE; iv) DEC-NN-gPoE;
v) DEC-BCM; vi) DEC-NN-BCM; vii) DEC-rBCM; viii)
DEC-NN-rBCM; ix) DEC-grBCM; x) DEC-NN-grBCM; xi)
DEC-NPAE [58]; xii) DEC-NPAE⋆; and xiii) DEC-NN-
NPAE [58]. All methods are implemented in a one-hop
line graph, two-hop line graph, and random graph topology
except of (xi) and (xii). An example of one-hop line graph,
two-hop line graph, and random graph topology for 10

FIGURE 8. Average RMSE and NLPD values for four fleet sizes with the
PoE-based methods on any graph topology.

FIGURE 9. Average RMSE and NLPD values for four fleet sizes with the
BCM-based methods on any graph topology.

FIGURE 10. Average RMSE and NLPD values for four fleet sizes with the
NPAE-based methods on a any graph topology.

FIGURE 11. Average RMSE and NLPD values for four fleet sizes with the
NPAE-based methods on a complete graph topology.

agents is shown in Figure 7. The Erdős-Rényi random
graphs follow G(M = 4, p = 0.6), G(M = 10, p = 0.3),
G(M = 20, p = 0.2), and G(M = 40, p = 0.15) for 4,
10, 20, and 40 agents, respectively. Line graph is the most
parsimonious topology (i.e., single edge removal will cause a
network disconnection) and serves as a lower bound for our
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TABLE 4. Nearest Neighbors, Execution Time, and Communication Rounds of Decentralized Nearest Neighbor Methods for SST Dataset D1.

One-hop Line Graph Two-hop Line Graph Random Graph

Number of
Method

Nearest Average Time Average Average Time Average Average Time Average
Agents M Neighbors per Agent [s] Comms send per Agent [s] Comms send per Agent [s] Comms send

4

DEC-NN-PoE

2.3±0.1

0.0312 3.6 0.0205 3.4 0.0179 3.4
DEC-NN-gPoE 0.0339 3.6 0.0332 3.4 0.0335 3.4
DEC-NN-BCM 0.0323 3.6 0.0317 3.4 0.0318 3.4
DEC-NN-rBCM 0.0469 3.6 0.0450 3.4 0.0455 3.4
DEC-NN-grBCM 0.0516 3.6 0.0499 3.4 0.0512 3.4
DEC-NN-NPAE [58] 1.1683 69.4 1.1592 66.8 1.1637 67.7

10

DEC-NN-PoE

5.7±0.2

0.0122 7.2 0.0112 6.7 0.0109 6.5
DEC-NN-gPoE 0.0121 7.2 0.0112 6.7 0.0109 6.5
DEC-NN-BCM 0.0126 7.2 0.0114 6.7 0.0113 6.5
DEC-NN-rBCM 0.0172 7.2 0.0162 6.7 0.0154 6.5
DEC-NN-grBCM 0.0167 7.2 0.0159 6.7 0.0152 6.5
DEC-NN-NPAE [58] 0.4844 250.2 0.4451 247.6 0.4344 227.9

20

DEC-NN-PoE

11.3±0.4

0.0087 6.8 0.0075 5.9 0.0068 5.2
DEC-NN-gPoE 0.0083 6.8 0.0079 5.9 0.0075 5.2
DEC-NN-BCM 0.0086 6.8 0.0084 5.9 0.0079 5.2
DEC-NN-rBCM 0.0126 7.0 0.0118 6.0 0.0100 5.5
DEC-NN-grBCM 0.0124 7.0 0.0109 6.0 0.0099 5.5
DEC-NN-NPAE [58] 0.2698 625.6 0.2312 546.3 0.2077 494.9

40

DEC-NN-PoE

23.6±1.1

0.0052 7.4 0.0046 6.7 0.0043 5.8
DEC-NN-gPoE 0.0049 7.4 0.0043 6.7 0.0039 5.8
DEC-NN-BCM 0.0051 7.4 0.0045 6.7 0.0042 5.8
DEC-NN-rBCM 0.0073 7.4 0.0068 6.7 0.0061 5.8
DEC-NN-grBCM 0.0071 7.4 0.0064 6.7 0.0059 5.8
DEC-NN-NPAE [58] 2.7009 1,824.1 2.4381 1,651.9 2.2393 1,445.3

algorithms. We anticipate our methods to increase their com-
putation and communication efficiency in topologies with
higher connectivity. The NN threshold is set to ηNN = 10−3.

The quality assessment is accomplished with the root
mean square error, RMSE = [1/N

∑N
i=1(µ(x∗) −

y(x∗))
2]1/2, the normalized root mean square error,

NRMSE = RMSE/(ymax − ymin) for prediction accu-
racy, and the negative log predictive density, NLPD =
−1/N

∑N
i=1 log p(ŷ∗ | D,x∗) for uncertainty quantifica-

tion, where p(ŷ∗ | D,x∗) is the predictive distribution.

B. Convergence, Accuracy & Uncertainty Quantification
In Figure 8, 13, we report the average RMSE, NRMSE,
and NLPD values for datasets D1 and D2, respectively.
We evaluate four fleet sizes using decentralized PoE-based
methods. The RMSE and NRMSE performance is identical
for all PoE-based methods (DEC-(NN)-(g)PoE) with their
centralized counterparts PoE [31] and gPoE [33], showing
that the proposed decentralized methods converge with neg-
ligible approximation error. In addition, the same results are
consistently reproduced across all three network topologies.
Since convergence is achieved under the parsimonious one-
hop line graph, convergence is also guaranteed for the other

two graph topologies. Consistent with Proposition 2, PoE and
gPoE produce identical mean predictions. For uncertainty
quantification, both DEC-(NN)-PoE match the NLPD values
of PoE. In the SST dataset D1, all PoE-based methods fail
to provide finite NLPD values for larger fleet sizes (M = 20
and M = 40 agents), due to the additive form of the
predictive variance in PoE (9), which yields overconfident
estimates. By contrast, in the ground elevation dataset D2,
uncertainty is successfully quantified across all fleet sizes.
Notably, both nearest neighbor methods DEC-NN-(g)PoE
perform indistinguishably from their (g)PoE counterparts,
despite excluding on average 42.5% of agents for D1 and
23.9% of agents for D2 during the aggregation (Table 4, 5).

In Figure 9, 14, we present the average RMSE, NRMSE,
and NLPD values for both D1 and D2 datasets. We deploy
four fleet sizes using the decentralized BCM-based methods
in three network topologies that report matching perfor-
mance. The proposed BCM-family methods (DEC-(NN)-
(gr)(r)BCM) are tested against the centralized BCM [30];
rBCM [32]; and grBCM [35]. We observe that all proposed
decentralized BCM-family methods converge to the BCM
optimal values as they report identical RMSE, NRMSE, and
NLPD values for both datasets D1 and D2 in Figure 9, 14,
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FIGURE 12. Comparison of accuracy and uncertainty quantification for four fleet sizes and 15 replications at Nt = 100 unknown locations using
N = 20, 000 observations from the Sea Surface Temperature dataset in a one-hop line graph topology. Lower RMSE and NLPD values indicate better
accuracy and better uncertainty quantification respectively. The comparison includes the five best decentralized GP prediction methods out of 13.
DEC-NN-NPAE was introduced in our previous work [58].

respectively. Importantly, all nearest neighbor methods DEC-
(NN)-(gr)(r)BCM converge to the optimal values, although
a subset of agents is selected to participate in the prediction.

The average RMSE, NRMSE, and NLPD values for four
fleet sizes are presented in Figure 10, 11 and Figure 15, 16
using the decentralized NPAE-based methods for datasets
D1 and D2, respectively. We test four fleet sizes with the
decentralized NPAE-based methods. Figure 10, 15 test one-
hop, two-hop, and random graph topologies, but the choice
of topology does not affect the results. Figure 11, 16 focus
on the complete graph topology, which is required from
DEC-NPAE⋆ and DEC-NN-NPAE [58]. Since the decentral-
ized NPAE-based methods are designed to approximate the
centralized NPAE, the optimal RMSE, NRMSE, and NLPD
values are that of NPAE [36]. The key difference between
DEC-NPAE [58] and DEC-NPAE⋆ lies in the estimation of
the optimal relaxation factor of the latter, as opposed to the
heuristic selection based on fleet size in the former (Re-
mark 2). All decentralized NPAE-family methods report an
approximation error, and thus do not converge to the optimal
values of NPAE. More specifically, DEC-NPAE⋆ yields the
smallest approximation error (Figure 10), while DEC-NN-
NPAE reports the highest approximation error (Figure 11) for
dataset D1. In contrast, for dataset D2, all methods achieve
similar prediction accuracy and uncertainty quantification,
showing that the optimal relaxation factor does not always
improve accuracy. Nonetheless, as discussed in the complex-
ity analysis (Table 3), DEC-NPAE⋆ converges faster than
DEC-NPAE, which advocates that the proposed method with
optimal relaxation factor, is always more efficient in speed
with comparable or better prediction accuracy.

The convergence of the proposed decentralized methods
to their centralized counterparts with an one-hop line graph
topology implies that any graph topology will convergence
with similar or better convergence speed. This is validated
with our experiments on a two-hop line graph and random
graph topology that produce identical prediction accuracy
(RMSE, NRMSE) and uncertainty quantification (NLPD)
results for all methods, fleet sizes, and datasets.

C. Nearest Neighbors, Execution Time & Communication
In Table 4 and 5, we report the average wall-clock execution
time per agent and the number of communication rounds re-
quired for convergence across all nearest neighbor methods,
tested on a one-hop line, two-hop line, and random graph
topologies for datasets D1 and D2, respectively. In addition,
we compute the average number of nearest neighbors MNN
of each family that participates in the prediction for all
Nt = 100 prediction points of each fleet size.

For D1, the results show a 42.5% agent reduction in
participating agents with no approximation error for DEC-
NN-(g)PoE and DEC-NN-(gr)(r)BCM (Figure 8, 9), while
DEC-NN-NPAE [58] reports high approximation error for
(Figure 11). In addition, increasing network connectivity
consistently reduces both execution time and communication
rounds across all methods (Table 4). Note that DEC-NN-
NPAE [58] remains computationally intensive and requires
substantially more communication rounds to converge. For
D2, the agent reduction is on average 23.9% with no approxi-
mation error for DEC-NN-(g)PoE and DEC-NN-(gr)(r)BCM
(Figure 13, 14); and only minor approximation error for
DEC-NN-NPAE [58] (Figure 16). The computation time
per agent and the communication rounds are similar for all
methods, except DEC-NN-NPAE [58], which remains one to
two orders of magnitude more demanding than the proposed
methods. Similarly, DEC-NPAE⋆ requires one to two orders
of magnitude more computation and communication on
both datasets. Overall, inter-agent communication and wall-
clock execution time strongly favor DEC-(NN)-(g)PoE and
DEC-(NN)-(gr)(r)BCM. These results demonstrate that the
proposed nearest neighbor methods achieve significant com-
munication and computation savings without compromising
prediction accuracy, making them highly practical for real-
time and bandwidth-limited multi-agent systems.

D. Covariance-Based Nearest Neighbor Methods
In Figure 12, 17, we compare the top five methods in terms
of prediction accuracy RMSE, NRMSE; and uncertainty
quantification NLPD for both datasets D1 and D2. The
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FIGURE 13. Average NRMSE and NLPD values for four fleet sizes with
the PoE-based methods on any graph topology.

FIGURE 14. Average NRMSE and NLPD values for four fleet sizes with
the BCM-based methods on any graph topology.

evaluation is conducted under the parsimonious one-hop line
graph topology, since, as shown in Section VI-B, network
topology does not affect prediction accuracy or uncertainty
quantification once convergence is achieved. The comparison
includes the DEC-NN-gPoE, DEC-NN-rBCM, DEC-NN-
grBCM, DEC-NPAE⋆, and DEC-NN-NPAE for all four fleet
sizes.

For D1 (Figure 12), the results demonstrate high ac-
curacy with low RMSE values for all methods in small
fleet sizes (4 and 10 agents). However, as the the num-
ber of agents increases, only DEC-NN-rBCM, DEC-NN-
grBCM, and DEC-NPAE⋆ recover good accuracy with the
latter being the most accurate. Similarly, for uncertainty
quantification, all methods provide satisfactorily estimates
with low NLPD values for small fleets (4 agents). Yet,
as fleet size grows, only DEC-NN-gPoE, DEC-NN-grBCM,
and DEC-NPAE⋆ maintain good uncertainty estimates, with
DEC-NPAE⋆ performing the best. Notably, DEC-NPAE⋆

is the most accurate method in terms of both RMSE and
NLPD, but requires significantly higher execution time and
communication overhead to converge (Section VI-C). For
D2 (Figure 17), prediction accuracy remains high across all
fleet sizes, with consistently low NRMSE values, which is
remarkable given the nonstationary nature of the elevation
map. In terms of uncertainty quantification, DEC-NN-gPoE,
DEC-NN-rBCM, and DEC-NN-grBCM outperform DEC-
NPAE⋆ and DEC-NN-NPAE for all fleet sizes. Neverthe-
less, uncertainty estimates remain high for all methods in
D2, indicating that while prediction accuracy is reliable in
nonstationary fields, the associated confidence levels are less
robust. In summary, the results highlight a trade-off between
accuracy and efficiency: while DEC-NPAE⋆ achieves the
highest prediction and uncertainty performance, the proposed

FIGURE 15. Average NRMSE and NLPD values for four fleet sizes with
the NPAE-based methods on any graph topology.

FIGURE 16. Average NRMSE and NLPD values for four fleet sizes with
the NPAE-based methods on a complete graph topology.

nearest-neighbor methods achieve a better balance between
accuracy, scalability, and communication efficiency, making
them more practical for low-resource multi-agent systems.

A qualitative assessment is presented in Table 6 with
respect to accuracy, uncertainty quantification, communica-
tion overhead, and time scalability. The results indicate that
DEC-NN-grBCM emerges as the most balanced decentral-
ized GP prediction method overall. DEC-NPAE⋆ provides
high accuracy and reliable uncertainty quantification with
reasonable computational demands, but requires significant
communication. In contrast, DEC-NN-rBCM achieves good
accuracy and scalability with minimal information exchange,
but does not provide prediction consistency.

VII. Discussion
In this section, we explicitly address the core assumptions
of the proposed methods, including the independence of
local datasets (Assumption 3), connectivity requirements
(Assumption 1, 7), and federated learning criteria (Assump-
tion 2, 5). We also examine the communication scalability
of the proposed methods with respect to network topology
and analyze how these assumptions may affect performance
in practice. We provide a comparison of the proposed
methods in Table 7, and identify trade-offs across application
domains.

Table 7 highlights that all methods, with the exception of
DEC-NPAE⋆, require only connected graphs, making them
suitable for decentralized systems with limited communi-
cation capabilities. The DEC-NPAE⋆ is the only proposed
method that requires a complete graph topology, which
constrains its applicability in bandwidth-limited networks.
With respect to consistency, only DEC-(NN)-grBCM and
DEC-NPAE⋆ provide theoretical guarantees, suggesting that
they are more robust for applications where high prediction
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TABLE 5. Nearest Neighbors, Execution Time, and Communication Rounds of Decentralized Nearest Neighbor Methods for Ground Elevation Dataset D2.

One-hop Line Graph Two-hop Line Graph Random Graph

Number of
Method

Nearest Average Time Average Average Time Average Average Time Average
Agents M Neighbors per Agent [s] Comms send per Agent [s] Comms send per Agent [s] Comms send

4

DEC-NN-PoE

3.2±0.1

0.0803 4.0 0.0429 3.7 0.0426 3.7
DEC-NN-gPoE 0.0794 4.0 0.0825 3.7 0.0833 3.7
DEC-NN-BCM 0.0831 4.0 0.0812 3.7 0.0817 3.7
DEC-NN-rBCM 0.1185 4.0 0.1034 3.7 0.1066 3.7
DEC-NN-grBCM 0.1214 4.0 0.1161 3.7 0.1215 3.7
DEC-NN-NPAE [58] 2.8160 77.3 2.5871 71.4 2.5206 71.1

10

DEC-NN-PoE

7.6±0.3

0.0608 8.3 0.0531 7.6 0.0498 7.2
DEC-NN-gPoE 0.0636 8.3 0.0531 7.6 0.0498 7.2
DEC-NN-BCM 0.0632 8.3 0.0537 7.6 0.0494 7.2
DEC-NN-rBCM 0.0872 8.3 0.0810 7.6 0.0778 7.2
DEC-NN-grBCM 0.0892 8.3 0.0829 7.6 0.0781 7.2
DEC-NN-NPAE [58] 1.3768 286.7 1.2807 274.0 1.2611 227.9

20

DEC-NN-PoE

14.9±0.5

0.0499 8.6 0.0425 7.8 0.0342 7.3
DEC-NN-gPoE 0.0512 8.6 0.0433 7.8 0.0379 7.3
DEC-NN-BCM 0.0580 8.6 0.0492 7.8 0.0390 7.3
DEC-NN-rBCM 0.0707 8.6 0.0617 7.9 0.0563 7.3
DEC-NN-grBCM 0.0738 8.6 0.0631 7.9 0.0581 7.3
DEC-NN-NPAE [58] 0.7127 721.2 0.6117 633.7 0.546.1 576.8

40

DEC-NN-PoE

29.6±1.5

0.0303 8.8 0.0261 8.2 0.0207 7.6
DEC-NN-gPoE 0.0308 8.8 0.0254 8,2 0.0207 7.6
DEC-NN-BCM 0.0346 8.8 0.0253 8.2 0.0211 7.6
DEC-NN-rBCM 0.0419 8.8 0.0370 8.2 0.0266 7.6
DEC-NN-grBCM 0.0424 8.8 0.0367 8,2 0.0268 7.6
DEC-NN-NPAE [58] 6.5177 3,708.2 5.7535 3.292.5 5.2069 2,746.8

TABLE 6. Qualitative Assessment of Decentralized GP Methods

Method
RMSE NLPD

Comms Scalable
Accuracy UQ

DEC-NN-gPoE Moderate Moderate Excellent Excellent
DEC-NN-rBCM Excellent Bad Excellent Excellent
DEC-NN-grBCM Excellent Excellent Excellent Excellent
DEC-NPAE⋆ Excellent Excellent Bad Moderate
DEC-NN-NPAE [58] Bad Moderate Moderate Bad

accuracy requirements is essential, at the cost of higher
communication demands.

Regarding communication, covariance-based nearest
neighbor (CBNN) variants improve scalability by reducing
the exchange of information to local neighborhoods. This
drastically lowers communication costs compared to the
whole network communication requirements of non-NN
methods. In terms of federated learning capabilities, most
methods are compatible, with the notable exception of DEC-
(NN)-grBCM, that cannot preserve federated constraints
due to partial dataset exchange for the formation of the
communication dataset.

The dataset relationship assumption provides insight into
the environments where each method can be applied. Meth-
ods such as DEC-(g)PoE and DEC-(r)BCM require strict
independence assumptions, limiting their use when agent
observations are correlated. By contrast, DEC-(NN)-grBCM
explicitly account for conditional independence, making
them more flexible in multi-agent sensing scenarios.

We provide some applications that align naturally with our
proposed methods for multi-agent systems:

• DEC-(g)PoE and DEC-(r)BCM: Environmental moni-
toring (e.g., temperature estimation, pollution mapping)
where independence assumptions are approximately
satisfied and there are no strict consistency require-
ments.

• DEC-(NN)-grBCM: Distributed multi-agent systems
operating in correlated environments (e.g., ocean sens-
ing with overlapping sonar ranges, UAV teams sam-
pling wind fields, power grid monitoring and control),
where accounting for conditional independence yields
better uncertainty estimates.

• Nearest-neighbor variants (DEC-NN-(g)PoE DEC-NN-
(r)BCM): Resource-constrained networks (e.g., swarms
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FIGURE 17. Comparison of accuracy and uncertainty quantification for four fleet sizes and 15 replications at Nt = 100 unknown locations using
N = 20, 000 observations from the ground elevation dataset in a one-hop line graph topology. Lower NRMSE and NLPD values indicate better accuracy
and better uncertainty quantification respectively. The comparison includes the five best decentralized GP prediction methods out of 13. DEC-NN-NPAE
was introduced in our previous work [58].

TABLE 7. Comparison of Proposed Decentralized GP Prediction Methods

Method
Connectivity Consistency

Communication
Federated Dataset Relationship

(Assumption 1, 7) (Definition 1) (Assumption 2, 5) (Assumption 3, 4)

DEC-PoE Connected No Whole Yes Independence
DEC-gPoE Connected No Whole Yes Independence
DEC-BCM Connected No Whole Yes Independence
DEC-rBCM Connected No Whole Yes Independence

DEC-grBCM Connected Yes Whole No
Independence &

Cond. Independence
DEC-NN-PoE Connected No NN Yes Independence
DEC-NN-gPoE Connected No NN Yes Independence
DEC-NN-BCM Connected No NN Yes Independence
DEC-NN-rBCM Connected No NN Yes Independence

DEC-NN-grBCM Connected Yes NN No
Independence &

Cond. Independence

DEC-NPAE⋆
Connected &

Yes Whole Yes Independence
Complete

of low-cost drones, underwater robots with acoustic
communication) where communication and bandwidth
must be minimized but approximate aggregation is
sufficient.

• DEC-NPAE⋆: Safety-critical applications (e.g., au-
tonomous driving fleets, air traffic coordination, wildfire
detection) where global dataset knowledge and strict
consistency are required, while communication infras-
tructure can support flooding.

The above observations are consistent with our experimen-
tal findings in Section VI, where we report communication
rounds and execution times, providing evidence of scalability
across different graph topologies. The experiments with one-
hop line, two-hop line, and Erdős-Rényi random graphs
demonstrate how network connectivity directly impacts com-
munication efficiency and execution time. In particular, the
proposed CBNN-based methods significantly reduce over-
head while maintaining competitive performance, validating
their suitability for real-world multi-agent systems.

VIII. Conclusion and Future Work
This paper proposes scalable GP methods for decentralized
multi-agent systems. We introduce several techniques that
can be used in various applications depending on the fleet
size, the computational resources of local agents, and the
communication capabilities. Moreover, we introduce a near-
est neighbor selection method, namely CBNN, that excludes
agents based on statistical correlation from GP prediction.
Although CBNN achieves on average 42.5% agent reduction
for the sea surface dataset, and 23.9% agent reduction for
the ground elevation dataset, it does not sacrifice prediction
accuracy, and leads to significant computation and commu-
nication reduction. Most of the proposed decentralized GP
prediction methods converge to the optimal values without
reporting approximation error. The decentralized NPAE-
based methods converge with approximation error, yet for
DEC-NPAE⋆ the error is insignificant. DEC-NPAE⋆ and
DEC-NN-grBCM are the most competitive methods for
all fleet sizes both in terms of accuracy and uncertainty
quantification, yet DEC-NN-grBCM is also scalable with
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low communication overhead. Ongoing work is focusing
on active learning of GP surrogates for decentralized multi-
agent systems.

Appendix
A. Proof of Proposition 2
The prediction mean value of any agent i using PoE yields,

µPoE(x∗) = σ2
PoE(x∗)

M∑
i=1

βiσ
−2
i (x∗)µi(x∗)

=

(
M∑
i=1

βiσ
−2
i (x∗)

)−1 M∑
i=1

βiσ
−2
i (x∗)µi(x∗)

=

M∑
i=1

σ2
i (x∗)

M∑
i=1

σ−2
i (x∗)µi(x∗). (23)

The prediction mean of the i-th agent using gPoE yields,

µgPoE(x∗) = σ2
gPoE(x∗)

M∑
i=1

βiσ
−2
i (x∗)µi(x∗)

=

(
M∑
i=1

βiσ
−2
i (x∗)

)−1 M∑
i=1

βiσ
−2
i (x∗)µi(x∗)

=

(
M∑
i=1

1

M
σ−2
i (x∗)

)−1 M∑
i=1

1

M
σ−2
i (x∗)µi(x∗)

=

(
1

M

)−1
1

M

M∑
i=1

σ2
i (x∗)

M∑
i=1

σ−2
i (x∗)µi(x∗)

=

M∑
i=1

σ2
i (x∗)

M∑
i=1

σ−2
i (x∗)µi(x∗). (24)

Hence, from (23), (24) µPoE(x∗) = µgPoE(x∗) for all i ∈ V .

B. Proof of Proposition 8
Observe that the new process is noiseless and for N → ∞
the correlation matches the covariance matrix Kθ,µ = Cθ,µ.
This implies that the interpolation property is satisfied and
µi(x∗) = yi(x∗), where yi is the exact value with no error
eµ,i = 0 for all i ∈ V . This results in,

E[yi(x∗) | yi(Xi)] = E[yi(x∗) | µi(Xi) + eµ,i(Xi)]

= E[yi(x∗) | µi(Xi) + 0]

= µi(x∗).

Following the same logic, we can show that the new variance
is an exact approximation. Therefore, the random process
approximates a GP in the limit.

C. Proof of Lemma 6
First, we show that the separable squared exponential kernel
(2) is a monotonically decreasing function. Let any two
observations x1, x2 and a location of interest x∗ with
∥x∗ − x1∥22> ∥x∗ − x2∥22. The covariance function of the

first observations takes the form of,

k(x1,x∗) = σ2
f exp

{
−1

2

D∑
d=1

(x∗,d − x1,d)
2

l2d

}

= σ2
f exp

{
−1

2

(
(x∗,1 − x1,1)

2

l21
+

(x∗,2 − x1,2)
2

l22

)}
.

(25)

Since the agents collect data in stripes along y-axis and the
network topology is a line graph, the length-scales of the
covariance function (2) are the same l1 = l2 = l. Note that
this applies only for the CBNN selection subroutine. Thus,
the covariance function of the first observation (25) yields,

k(x1,x∗) = σ2
f exp

{
−1

2

(
(x∗,1 − x1,1)

2

l2
+

(x∗,2 − x1,2)
2

l2

)}
= σ2

f exp

{
−1

2

∥x∗ − x1∥22
l2

}
.

Similarly, the covariance function of the second observation,

k(x2,x∗) = σ2
f exp

{
−1

2

∥x∗ − x2∥22
l2

}
.

Provided that if ∥x∗−x1∥22> ∥x∗−x2∥22 then k(x1,x∗) ≤
k(x2,x∗) for all x∗,x1,x2 ∈ R2, the covariance function
k(·, ·) used in CBNN calculation (22) is monotonically
decreasing with the rate of decrease depending on the signal
variance σ2

f and the length-scale l.
The CBNN is described by a sub-graph GNN =

(VNN, ENN), where VNN = {i ∈ V : ∥xi − x∗∥2≤ rNN}
for all x∗ with rNN the nearest neighbor radius and ENN ⊆
VNN × VNN. In this CBNN selection, the separable squared
exponential kernel (2) behaves as a squared exponential
kernel with l1 = l2 = l. This radial decay creates a
circle with radius rNN around the location of interest x∗
for the selection of nearest neighbors. Note that the radius
is a function of the cross-covariance and the user-defined
threshold rNN([kµ,∗]i, ηNN), thus inherits a covariance-based
dependence. Next, due to fact that the line graph topology
includes only connected agents in the circular space, the
connectivity in the nearest neighbor graph GNN is preserved.
Hence, the CBNN selection maintains connectivity.

D. CBNN Worked Example
For a given test location x∗, each agent maintains a local
cross-covariance kµ,∗ = [k

(1)
µ,∗ k

(2)
µ,∗ . . . k

(M)
µ,∗ ]⊺. The neigh-

bor set is defined as NCBNN(x∗) = {i | k(i)µ,∗ ≥ ηNN}, where
ηNN is the user-defined cross-covariance threshold. Suppose
M = 4, ηNN = 0.35, and kµ,∗ = [0.91 0.47 0.38 0.03]⊺.
Then, the agents with covariance higher than 0.35 are se-
lected for the CBNN neighborhood NCBNN(x∗) = {1, 2, 3}
and agent 4 is excluded due to negligible contribution.
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